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Abstract. A moving frame formulation of geometric non-stretching flows of curves in 
the Riemannian symmetric spaces Sp(n + 1)/Sp(l) x Sp(n) and SU(2n) / Sp(n) is used 
to derive two bi-Hamiltonian hierarchies of symplectically-invariant soliton equations. As 
I ^ . main results, multi-component versions of the sine-Gordon (SG) equation and the modified 

Korteweg-de Vries (mKdV) equation exhibiting Sp(l) x Sp(n — 1) invariance are obtained 
along with their bi-Hamiltonian integrability structure consisting of a shared hierarchy of 
symmetries and conservation laws generated by a hereditary recursion operator. The corre- 
sponding geometric curve flows in Sp(n + l)/Sp(l) x Sp(n) and SU(2n)/Sp(n) are shown 
fjy ' to be described by a non-stretching wave map and a mKdV analog of a non-stretching 

• . Schrodinger map. 

1. Introduction 

O ■ Both the modified Korteveg-de Vries (mKdV) equation and the sine-Gordon (SG) equation 

are well-known to have a geometric origin given by certain flows of the curvature invariant 
of arclength-parameterized curves in the two-dimensional geometries IR 2 and S 2 [IJ [21 El H] . 
Similarly, the nonlinear Schrodinger (NLS) equation has long been known to arise from a 
certain flow of £/(l)-covariants of arclength-parameterized curves in the three-dimensional 
geometries M 3 and 50(3), where the covariants are related to the standard curvature and 
torsion invariants of the curve by the famous Hasimoto transformation [3 El [7]. In all of 
these flows, the equation of motion of the curve has the geometrical properties that it pre- 
serves the arclength locally at each point on the curve (i.e. the motion is non-stretching) 
and that it is invariant under the action of the isometry group of the underlying Riemannian 
geometry. Additionally, the differential invariant in the two-dimensional case and the dif- 
ferential covariants in the three-dimensional case have a direct geometrical meaning as the 
components of the Cartan connection in a Riemannian parallel frame along the curve. 

A broad generalization of such results has been obtained in recent work [8] using a moving 
parallel frame formulation for non-stretching curve flows in Riemannian symmetric spaces 
M = G/H. These spaces describe curved generalizations of Euclidean geometries in which 
the Euclidean isometry group is replaced by a simple Lie group G and the Euclidean frame 
rotation gauge group is replaced by an involutive compact Lie subgroup H in G. In this geo- 
metric setting, the Cartan connection components in a suitably defined parallel frame along 
an arclength-parameterized curve represent differential covariants of the curve, which are re- 
lated to standard differential invariants by a generalized Hasimoto transformation. For curves 
undergoing certain non-stretching geometric flows, these covariants satisfy multi-component 
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SG and mKdV equations whose integrability structure as given by a compatible pair of 
Hamiltonian operators is encoded directly in the Cartan structure equations of the parallel 
frame. In cases where M additionally has a hermitian structure or a Lie group structure, 
the Hamiltonian operators also give rise to integrable multi-component NLS equations [5]. 
Moreover, all of these integrable multi-component equations, along with their bi-Hamiltonian 
structure, possess an explicit group invariance which arises from the action of the equivalence 
group of the parallel frame. This main result provides a geometric derivation of many known 
group-invariant versions of multi-component soliton equations as well as the possibility of 
deriving new versions that exhibit other invariance groups. 

For example, there are exactly two different Riemannian symmetric spaces with the struc- 
ture G/SO(n), as given by G = SO(n + 1) and G = SU(n) (see, e.g. Ref. [lO])- For curves 
in these two spaces, the components of the Cartan connection in a parallel frame yield n — 1 
covariants that satisfy vector mKdV equations and vector SG equations with a SO(n — 1) in- 
variance group when the curve undergoes certain non-stretching geometric flows [IT] (see also 
Ref. [12J). This derivation geometrically accounts for the two different rotationally-invariant 
vector versions of the mKdV and SG equations obtained from symmetry-integrability clas- 
sifications [131 E] • 

In the present paper, we geometrically derive symplectically-invariant multi-component 
soliton equations from non-stretching curve flows in the Riemannian symmetric spaces Sp(n+ 
1)/Sp(l) x Spin) and SU(2n)/Sp(n). These two geometries happen to share the same sym- 
plectic equivalence group Sp(l) x Sp(n — 1) for parallel framings of arclength-parameterized 
curves. One main motivation for our work is the absence to-date of any symmetry-integrability 
classifications for multi-component versions of mKdV or SG equations with symplectic in- 
variance. 

For the geometry SU(2n)/Sp(n), our results yield new symplectically-invariant vector 
mKdV and SG equations, together with their symplectically-invariant bi-Hamiltonian inte- 
grability structure. For the geometry Sp(n + 1)/Sp(l) x Sp(n), we obtain symplectically- 
invariant scalar-vector mKdV and SG equations, which represent the component form of the 
quaternionic bi-Hamiltonian equations derived in recent work [15] (see also Ref. [16J) using a 
quaternionic version of a parallel moving frame formulated for non-stretching curve flows in 
the quaternionic projective space HP" ~ U(n+1,M)/U(1,B) xU(n,B) ~ Sp(n + 1)/Sp(l) x 
Sp(n) (where EI denotes Hamilton's quaternions). The symplectic invariance group of the 
resulting bi-Hamiltonian soliton equations arising from both geometries SU(2n)/ Sp(n) and 
Spin + 1)/Sp(l) x Sp{n) is given by Sp(l) x Sp(n — 1). 

We begin in Sec. [2] by summarizing the construction and properties of parallel moving 
frames in Riemannian symmetric spaces. In Sec. [3] we state some essential algebraic prop- 
erties of the symplectic group Sp(n) and the geometries SU(2n)/Sp(n), Sp(n+ 1)/Sp(l) x 
Sp(n), which will be needed for this construction. The moving parallel frame formulation 
for non-stretching curve flows in these two geometries is carried out respectively at the start 
of Sec. |H and Sec. El In Sec. 14.11 and Sec. 15.11 we derive the Sp(l) x Sp(n — l)-invariant 
bi-Hamiltonian operators which are subsequently used to construct the multi-component 
Sp(l) x Sp(n — l)-invariant mKdV equations and SG equations obtained in Sec. !4.2H4.3l and 
Sec. I5.2H5.3I for each geometry. The corresponding geometric curve flows are worked out in 
Sec. 14.41 and Sec. 15.41 and shown to be a non-stretching wave map equation and a mKdV 
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analog of a non-stretching Schrodinger map equation. We conclude with some remarks in 
Seed 

Other work [17] with a similar motivation has recently found new symplectically-invariant 
mKdV and SG equations of derivative type by considering certain algebraic reductions of 
integrable matrix systems. These derivative-type soliton equations have a different form of 
nonlinearity (exhibiting, in particular, a different scaling symmetry) than the mKdV and 
SG equations obtained from our results. 

2. Parallel moving frames and non-stretching curve flows 

For a Riemannian symmetric space M = G/H, defined by a simple Lie group G and 
an involutive compact Lie subgroup H in G, any linear frame on M provides a soldering 



identification between the tangent space T X M at points x and the vector space m = g/f). 
Relative to the Cartan-Killing form and Lie bracket on g, there is a decomposition g = f) ©m 
given by a direct sum of orthogonal vector spaces 

(f),tn) = (2.1) 

with the Lie bracket relations 

[y]cf), [f),m]cm, [m,m]cf). (2.2) 



Geometrically, the Lie subalgebra f) is identified with the generators of isometries that leave 
fixed the origin o in M, while the vector space m is identified with the generators of isometries 
that carry the origin o to any point x ^ o in M. These isometries represent the action of 
the group G on the space M, whereby the subgroup H acts as the gauge group of the frame 
bundle of M. 

The Riemannian structure of the space M = G/H is naturally described [18] in terms of 
a m-valued linear coframe e and a f)-valued linear connection u whose torsion and curvature 

%:=de + [u,e], <K := du + u] (2.3) 

are 2- forms with respective values in m and f), given by the following Cartan structure 
equations: 

1 = 0, 9t=-±[e,e]. (2.4) 

Here [■,■] denotes the Lie bracket on g composed with the wedge product on T*M. This 
structure together with the (negative-definite) Cartan-Killing form determines a Riemannian 
metric and Riemannian connection (i.e. covariant derivative) on the space M as follows: for 
all X, Y in T X M, 

g{X,Y):=-{e x ,e Y }, ej V X Y := d x e Y + [u x , ey], (2.5) 

where the coframe provides a soldering identification between the tangent space T X M and 
the vector space m = g/f) as given by e\X := e x , e\Y := ey € m. The connection is metric 
compatible, Vg = 0, and torsion-free, T = 0, while its curvature is covariantly constant, 
V-R = 0, as given by 

ej R(X, Y)Z = [SHJ (X AY), e z ] = -[[e x , e Y ],e z ], ejT(X, Y) = %{X A Y) = 0, (2.6) 

where T(X, Y) := V ' x Y - VyX - [X, Y] is the torsion tensor and R(X, Y) := [V x , Vy] - 
V[x,y] is the curvature tensor. Note the linear coframe and linear connection have gauge 
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freedom given by the following transformations 



e — ^Ad(/i" 1 )e, ui — > AA.(hr x )u + hT x dh (2.7) 

for an arbitrary function h : M — )■ H C G. These gauge transformations comprise a local 
(x-dependent) representation of the linear transformation group H* = Ad(H) which defines 
the gauge group [HI] of the frame bundle of M. Both the metric tensor g and curvature 
tensor R on M are gauge invariant. 

Let j(x) be any smooth curve in M. A frame consists of a set of orthonormal vectors 
that span the tangent space T 7 M at each point x on the curve 7. The Frenet equations of a 
frame yield a connection matrix consisting of the set of frame components of the covariant 
x-derivative of each frame vector along the curve [20]. A coframe consists of a set of or- 
thonormal covectors that are dual to the frame vectors relative to the Riemannian metric g. 
Such a framing for 7(2;) is determined by the Lie-algebra components of e and wj7 x when an 
orthonormal basis is introduced for m and f) with respect to the Cartan-Killing form, where 
the Frenet equations are defined by the frame components of the transport equation 

V x e = -ad(wj7 :c )e (2.8) 

along the curve. In particular, if {mi}i=i r , . )( jim(tn) is any fixed orthonormal basis for m, then 
a frame at each point x along the curve is given by the set of vectors Xi := — (e*,m/), 
I = 1, . . • , dim(m), in terms of a m- valued linear frame e* defined to be dual to the linear 
coframe e through the condition that — (e*, e) = id is the identity map on each tangent space 
T X M (cf [SIIH]). 

Now consider any smooth flow j(t,x) of a curve in M. We write X = 7^ for the tangent 
vector and Y = j t for the evolution vector at each point x along the curve. Note the 
flow is non-stretching provided that it preserves the G-invariant arclength ds = \j x \dx, or 
equivalently V t |7 x | = 0, in which case we have 

9(lx,lx) = \la>\ 2 = l (2-9) 

without loss of generality. For flows that are transverse to the curve (such that X and Y 
are linearly independent), j(t,x) will describe a smooth two-dimensional surface in M. The 
pullback of the torsion and curvature equations ( 12. 4p to this surface yields 

D x e t - D t e x + [u x , e t ) - [u t , e x ] = 0, (2.10) 

D x u t - D t u x + [u x ,u t ] = -[e x ,e t ], (2.11) 

with 

e x := e\X = e\ lx , e t := e\Y = e\ lt , (2.12) 

lu x := u\X = u\j x , u t ■= u\Y = wj7 t , (2.13) 

where D x , D t denote total derivatives with respect to x, t. Remarkably, for any non-stretching 
curve flow, these structure equations fl2.10p - fl2.13p encode an explicit pair of bi-Hamiltonian 
operators once a specific choice of frame along j(t,x) is made. 

We utilize a natural choice of a moving frame defined by the following two properties 
which are a direct algebraic generalization of a parallel moving frame in Euclidean geometry 
0: 



(1) e x is a constant unit-norm element lying in a Cartan subspace a C m that is contained 
in the centralizer subspace my of e x , i.e. D x e x = D t e x = 0,{e x ,e x ) = — 1, and 
ad(m||)e :c = where my © m_i_ = m and (my, rtij.) = 0. 

(2) u x lies in the perp space t)± of the Lie subalgebra f)y C f) of the linear isotropy group 
.ff| C iJ* = Ad (if) that preserves e x , i.e. ad(f)||)e x = and (cu x ,l)\\) = where 
f)|| © f)± = & and (f)||, Jj±) = 0. 

Cartan subspaces of m are defined as a maximal abelian subspace a C m, having the 
property that it is the centralizer of its elements, a = m fl c(o). It is well-known (see, e.g. 
Ref. [10J ) that any two Cartan subspaces are isomorphic to one another under some linear 
transformation in Ad(H) and that the action of the linear transformation group Ad(H) on 
any Cartan subspace a generates m. The dimension of a as a vector space is equal to the 
rank of m. 

A moving frame satisfying properties (1) and (2) is called H-parallel and its existence can 
be established by constructing a suitable gauge transformation (12. 7p on an arbitrary frame 
at each point x along the curve [S]. Specifically, given any m- valued linear coframe e and 
{)- valued linear connection matrix Cj x along 7, we can first find a gauge transformation such 
that h~ 1 e x h = e x is a constant element in any Cartan subspace a C m, as a consequence 
of the fact m = Ad(H)a. The norm of e x will satisfy — (e x ,e x ) = g{^ X ilx) = 1 because we 
have chosen an arclength parameterization ( 12. 9 p of the curve. We can then find a gauge 
transformation belonging to the subgroup HZ preserving e x , so that h~ l D x h + h~ x £j x h = u x 

where h(x) G H* is given by solving the linear matrix ODE D x h + w^h = in terms of 

the decomposition of ui x = uA + w 1 - relative to e x . Note the solution will depend on an 
arbitrary initial condition h(xo) G H», specified at some point x = xq along the curve, 
which represents a rigid gauge freedom (i.e. the equivalence group) in the construction of 
the i?-parallel moving frame. 

Underpinning this construction are the Lie bracket relations on my, mi, f)y, t)± coming 
from the structure of g as a symmetric Lie algebra (12. 2p . These relations consist of 

[m,|,m,|]Cf,|,, [m||,f)||] Cmy, [f)y, Q„] C (2.14) 
foil, ITU] CtnL, [f)y, f) J Ql)±, (2.15) 
H|, mj C f) ± , [my, fj J C m ± , (2.16) 

while the remaining Lie brackets 

[tnumj, [f)±,l)±], [m±M (2-17) 
obey the general relations (12. 2p . 

Theorem 2.1. For e x G a C my, let e t = h\\ + h± G my © m_i_, u t = -a?" + zu 1 - G f)y © t)±, 
and u = uj x G f)j_. Also let h 1 - = &d(e x )h± G f)j_. Then the Cartan structure equations 
( I2.10p - (l2.1ip for any H-parallel linear coframe e and linear connection uj pulled back to the 
two-dimensional surface j(t, x) in M = G/H yield the flow equation [S] 

u t = U{w L ) + h x , m ± = J(h ± ) J (2.18) 

where 

H = K\t x , J = -&d{e x )- l K,\ m ^d{e x )- 1 (2.19) 
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are compatible Hamiltonian operators that act on f) ^-valued functions and that are invariant 
under Hp as defined in terms of the linear operator 

+ ] ± ],,]. (2.20) 

We emphasize that the formulation in Theorem 12.11 applies to all non-stretching curve 
flows 7(i, x) in M = G/H, with the flow being determined by specifying h , or equivalently 
h± = &&(e x )~ l h L , freely as a function of t at each point x along the curve. In particular, 
every flow equation (" 12 . 1 8[) determines a corresponding flow 7(£,x) through the geometrical 
relation 

Y = -(e\h ± + h ll } = (e*,y(h ± )} (2.21) 

in terms of the operator 

y := J D; 1 Kad(e x )- 1 - ]|, - adfe)" 1 - (2.22) 

where e* is the linear frame dual to the linear coframe e along 7, with e x = e\X. In this 
correspondence (I2.2ip . e x is preserved under the action of the equivalence group Hp while up 
to equivalence, both e* and e are determined by u x from the transport equation (12.81) along 7. 
The resulting equation of motion r ) t = Y = (e*, 3^(^" L )) will be G-invariant if and only if h 1 - 
is a if|*-equivariant function of x, u, and re-derivatives of u. In addition, the corresponding 

flow on u(t, x) will have a Hamiltonian structure if and only if w = ^/{h^-) is the variational 
derivative of some if|*-invariant Hamiltonian function of x, u, and ^-derivatives of u. The 
following general results are established in Ref. [S|. 

Theorem 2.2. Composition of the operators T-L and J yields a recursion operator TZ = HJ 
that produces a hierarchy of HZ -invariant flows (I2.18P on u given in terms of 

h^=K\u x ), 1 = 0,1,2,.... 
Each flow in this hierarchy inherits a hi- Hamiltonian structure given by 

ht ) =H{wf l) ) = J-\wf l+l) ), zu^=SH^/8u = n* l (u), 1 = 0,1,2, 
in terms of the H» -invariant Hamiltonians 

H® = z ^(e x ,hf), I = 0,1,2,... (2.25) 

where 1Z* = JH is the adjoint of 71. Moreover, the kernel of the recursion operator TZ yields 
a further Hu -invariant flow (I2.18P on u in terms ofhh_ x \ defined by 

J(hf_ 1} ) = 0. (2.26) 
This flow has a Hamiltonian structure given by 

hf_ 1} = H{wf_ x) ), zof_ x) = 5H(~V/5u (2.27) 

with 

H^ = (e x M( l) ). (2.28) 

The bi-Hamiltonian flows (12. 23f) and (I2.26P have a geometrical formulation through the 
correspondence (12.211) . 
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(2.23) 
(2.24) 



Theorem 2.3. The hierarchy of bi-Hamiltonian flows (12.231) corresponds to a hierarchy of 
non-stretching geometric curve flows in M = G/H given by equations of motion 

7t = Y {l) { lx} V x7 x, • • • , V»7*), 17.1 = 1, I = 0, 1, 2, • • • , (2.29) 

where = (e*,y(hjh)). The additional Hamiltonian flow ( 12. 26ft corresponds to the non- 
stretching geometric curve flow 

V x7 * = V.K^d = 0, | 7x | = 1, (2.30) 

with Y(-i) = (e*, -Soc/i equation of motion (I = — 1, 0, 1, 2, . . .) is invariant with 

respect to the isometry group G of M and preserves the G-invariant arclength x of the curve 
l(t,x). 



3. Algebraic preliminaries 

Recall, the complex symplectic group Spin, C) is the group of matrices g in GL(2n, C) 
that leaves invariant the exterior form z\ A z n+ i + ■ ■ ■ + z n A z 2n in terms of coordinates 
{z 1 ,...,z 2n ) G C 2 ", i.e. 

g'Jg = J, (3.1) 

where 

J =(-lo) (32) 

with I n denoting the identity matrix in GL(2n, C). Also recall, the complex unitary group 
U(2n) is the group of matrices g in GL(2n, C) that leaves invariant the Hermitian form 

Z\Z\ + • • ■ + Z2 n Z2n, l-G- 

0*£ = / 2n . (3.3) 

The compact symplectic group is defined by Sp{n) = Spin, C) PI U(2n). 

For later convenience, we let s(n, C) denote the vector space of symmetric matrices g in 
0l(n,C)), i.e. g* = g. 

3.1. The vector space su(2n)/sp(n). The special unitary Lie algebra su(2n) is defined by 
the matrices g in {j[(2n, C) that are skew-Hermitian and trace-free, i.e. g* = — g, tr(g) = 0. 
There is an involutive automorphism of gl(2n, C) given by 

a(g) = JgJ- 1 (3.4) 

preserving su(2n) C g[(2n, C). The matrices h in Ql(2n, C) that are skew-Hermitian, trace- 
free, and invariant under a, i.e. h* = — h, tr(h) = 0, cr(h) = h, span the compact symplectic 
Lie algebra sp(n). This leads to the orthogonal decomposition of g = su(2n) as a symmetric 
Lie algebra given by the eigenspaces of a, 

h:=5 P Hc , a([)) = f) (3.5) 

and 

m := su(2n)/sp(n) C 5, cr(m) = — m. (3.6) 
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Lemma 3.1. 

1. The matrix representations of the vector space m = su(2n)/sp(n) and the Lie subalgebra 
F) = sp(n) in gl(2n, C) are respectively given by 

(A, B) := ? \ e m> B t = _ jB; A t = _^ tl{A) = Q; (3 7) 

(C, D) := (^L V\ et), C* = -C, D* = -D, (3.8) 

where A,B,C,D G gl(n, C). T/ie Die bracket relations (\2.2\i have the matrix representation 
[(A u Si), (A 2 , D 2 )] =([Ai, A 2 ] + BiB 2 - SaSi, A X D 2 + ^ - fi^ - A 2 £?0 G fj, (3.9a) 
50, (d, DO] =([A, d] - BiDi - DiDi, AiDi + DiZx + B 1 C 1 - dD) G m, 

(3.9b) 

[{d, DO, (C 2 , D 2 )] =([d, C 2 ] - D X D 2 + D 2 D l5 dD 2 - D^ + D^ - C 2 D X ) G fj. 

(3.9c) 

2. The restriction of the Cartan- Killing form on g = su(2n) to m = su(2n)/sp(n) yields a 
negative- definite inner product 

((A u DO, (A 2 , B 2 )) = 4n(2tr(A 1 A 2 ) + tr^D, + £iD 2 )). (3.10) 

3. The (real) dimension of m = su(2n)/sp(n) is (n — l)(2n + 1) and its rank is n — 1. 
The subspace a C m spanned by the n — 1 matrices 

^ JQ, D, = diag(0 1 __0, 1,-1,0^^0), fc = l,...n-l (3.11) 

fe— 1 n-fc+l 

is a Cartan subspace. A special choice of an element of a is given by 

6 := ("o e) em = su ( 2n )/ s PH' E = ^ diag (( n ~ ^ r 1 ' — = ( 3 - 12 ) 

n— 1 

which has the distinguishing property that the centralizer subspace c(e) of e in q = su(2n) 
is of maximal dimension. The corresponding linear operator ad(e) induces a direct sum 
decomposition of the vector spaces m = su(2n)/sp(n) and f) = Sp(n) into centralizer spaces 
rrt|| and t)u and their orthogonal complements (perp spaces) and f)j_ with respect to the 
Cartan-Killing form. Through the Lie bracket relation (12.161) . this operator ad(e) maps t)± 
into mj_, and vice versa, whence ad(e) 2 is well-defined as a linear mapping of each subspace 
f)_i_ and mx into itself. The eigenvalues of this linear map can be normalized relative to the 
Cartan-Killing form by choosing the factor \ so that e has unit norm, 

- 1 = (e, e) = 8ntr(D 2 ) = -8(n - l)n 2 /x, (3.13) 

which determines 

x = %(n-l)n 2 . (3.14) 

Lemma 3.2. 

1. The matrix representations of my and m_i_ in m = su(2n)/sp(n) are given by 

(Ay, By) := f4" ^ e m.|, (a ± ,b ± ) := % ) G m ± , (3.15) 



fin —v4.ii y 11 ' ^ _ A± 
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in which 



/-trA, 





V 


A, 




a±\ 


(A 


°J 


-!)> B ll 


g so 



A„=| T* 11 ? \, B,i=(° £Y A| = -A||, B| = -B, 

b ± 
-bi 



A, = I, ^ , B, 



l|| t u\ii — i ; . r>n t i:<o\!i — l. 'O). ii| . u G ,r " 



TTie matrix representations of f)y and f)j_ m f) = sp(n) are given by 

((cn.di^CCii.Dn))^^ (c ± ,d ± ):= ^ef) ± , (3.16) 



in which 



c '=' c ( i l c,)- B »=( d ; D ,)- c s=- c «- d s= d " 

c_|\ _. / d 



C± ~\-c t ± j • ^"U 1 , 

wnere Cy G u(n - 1), Dy G *(n - 1, C), Cj_, d ± G C n_1 ; C|j G iR, dy G C. 

5. dimm|| = (n — l)(2n — 3), dimm_i_ = dim f)j_ = 4(n — 1), dim f)y = (n — l)(2n — 1) + 3. 

4- The linear operator ad(e) acts on mj_ and t)± by 

ad(e)(a ± ,b ± ) = -^(ia ± , ib ± ) G f) ± , ad(e)(c_L, d ± ) = — (lc^id^) G m ± (3.17) 

where p = x/n 2 = 8(n — 1) . 

To write out the explicit Lie bracket relations on m = my © and f) = §\\ © f)j_, we 
introduce the following inner products and outer products. For x, y G C n_1 , let 



xy* - yX* = i2Im < x, y >G iR, (3.18) 
xy* + yx* = 2Re < x, y >G R, (3.19) 
xy t + yx t =<x,y > + <y,x>GC, (3.20) 



B(x,y) 
Q(x,y) 
S(x,y) 
where 

< x, y >= xy* = §Q(x, y) + ±P(x, y) (3.21) 
is the Hermitian inner product, and where 

< x, y >= xy* = yx* = §£(x, y) (3.22) 
is the standard Euclidean inner product. Also let 

P(x, y) = xV - y*x G u(n - 1), (3.23) 
Q(x, y) = x*y - y*x G so(n — 1, C), (3.24) 
S(x,y) =x t y + y t xGs(n-l,C). (3.25) 
The inner products (I3.18p - fl3.20p have the following symmetry properties 

P(y,x) = -P(x,y), Q(y,x)=Q(x,y), S(y, x) = S(x, y), (3.26) 
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while the outer products fl3.23p - fl3.25p obey the following transpose, symmetry, and trace 
properties 

P(x, y)* = -Pfry), P(y, x) = -P(x, y), (3.27a) 



Q(x, y)* = -Q(x, y), Q(y, x) = -Q(x, y), (3.27b) 



5(x,y) t = 5(x,y), S(y, x) = 5(x, y), (3.27c) 

tr(P(x, y)) = P(y, x), tr(Q(x, y)) = 0, tr(5(x, y)) = 2 < x, y > . (3.27d) 
Proposition 3.3. 

1. The Lie brackets (12.141) -( 12.161) are given by 
[(A 1 ||,B 1 ||),(A 2 ||,B 2 ||)] 

= ((0, 0), ([Am, A 2 ,|] - BauBiH + B^B 2h A a ,|B 2 || + B 2 {K n - B n A~ n - A n B n )) G fj,,, 

(3.28a) 

[(( Cl | h d lN ), (C X ||, D 1N )), (A 2 | h B 2y )] 

= ([Ci||, A 2 ,|] + Di||B 2 || + B 2 ||Di||, Ci||B 2 || - B a „Ci|| - Di[]A 2 || - A 2 ||Di||) G m h (3.28b) 

[((ci||, din), (Ciy, Din)), ((c 2 ||, d 2 ||), (C 2 ||, D 2 ||))] 

= ((d 2 ||di|| - di||d 2 ||, ci||d 2 || + d 2 ||Ci|| - di||C 2 || - c 2 ||di||), 

([Ciy, C 2 ||] + D 2 ||Di|| - Di||D 2 ||, Ci||D 2 || - D 2 ||Ci|| + E>i|| C 2 || - C 2 ||Di||)) G t)\\, 

(3.28c) 



[((ciy, din), (Ciy, Din)), (a 2± , b 2 ±)] 

= (-a 2 ±Ci|| + Ci||a 2 _L + b 2 _LDi|| + di||b 2 _L, -a 2 ±Di|| - di||a 2 _L - b 2 ±Ci|| + c 1 \\b 2 ±) G m_L, 

(3.29a) 

[((cm, dm), (Ciy, Dm)), (c 2± ,d 2± )] 

= (ci||C 2 _l - c 2 _lCi|| - di||d 2J _ + d 2 ±Di||, ci||d 2 ± - d 2 j_Ci|| + diyc^ - c 2 ±Di||) G h ± , 

(3.29b) 



[(Ai||,Bi||),(a 2± ,b 2± )] 

= (-(trAi||)a 2 _L - a 2± Ai|| - b 2 ±Bi||, — (trAi||)b 2 j_ + b 2 ±Ai|| - a 2 ±Bi||) G fu, (3.30a) 
[(Ai||,Bi||),(c 2± ,d 2± )] 

= (-(trAi||)c 2 _L - c 2 _lAi|| - d 2 ±Bi||, -(trAi||)d 2 ± + d 2 ±Ai|| - c 2 ±Bi||) G m_L. (3.30b) 
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2. The remaining Lie brackets (I2.17P are given by 
[(aLLjbu.), (a 2 _L,b 2± )] 

= ((-P(a 2 ±, au.) - P(bi_L, b 2 ±), -S(sl 1± , b 2 ±) + S(b 1± , a 2 ±)), 

(P(aa±, a 1± ) + P(b 1± , b 2± )\ -S(b 2± , a 1± ) + 5(b 1± , a 2± ))) G f)||, (3.31a) 

[(Cl_L,dij_), (c 2 _L,d 2 _L)] 

= ((P(c 2 ±, cll) + P(d 2±, du_ ),£(ci±,d 2± )-S(d 1± ,c 2± )), 

(P(c 2 ±, c 1± ) + P(d 1± , dax)*, -S(d 2 _L, c 1± ) + S(d 1± , c 2± ))) G f)||, (3.31b) 
[(ai±,bu_), (c 2 _L,d 2 _L)] 

= (P(c 2± , a 1± ) + P(d 2± , b 1± )\ Q(d 2± , a 1± ) - Q(b 1± , c 2± )) G my. (3.31c) 

5. The Cartan-Killing form on mj_ is given by 

((au., bij.), (a 2 _L, b 2 ±)) = -8n(Q(ai ± , a 2± ) + Q(bu_, b 2 ±)) . (3.32) 

The adjoint action of the Lie subalgebra (jy C f) = spin) on g = su(n) generates the 
linear transformation group iin C if* = Ad (if) that preserves the element e in the Cartan 
subspace a C m = su(n)/sp(n). This group if? can be identified with the adjoint action of 
a symplectic group Sp(l) x Sp(n — 1) C Sp(n) whose matrix representation is given by 

G Sp(l) x Sp(n - 1) ~ ff*, C=(l £), D=(* , (3.33) 

where 

C rt C + D t S = / ft _i, C'D -D'C = 0, (3.34) 

cc + dd=l. (3.35) 
In particular, the subgroup S^n — 1) C if? acts on mi by right multiplication, 

Ad(C, D)(a ± , b ± ) = (a ± C* + b ± ^, -a ± /> + b ± C*) G m±, (3.36) 

where (C, £)) G S^rt — 1) is defined to be the matrix f!3.33j) with c = 1 and d — 0, and the 
subgroup S'p(l) C ii|* acts similarly by 

Ad(c, d)(a_i_, bj_) = (c&± + db_i_, ch± — dK±) G mj_. (3.37) 

where (c, d) G Sp(l) is defined to be the matrix (13.33[) with C = f n _i and D = 0. Compo- 
sition of these subgroups (I3.36f) and (13. 37ft yields the group ii* = Ad(Sp(l) x Sp(n — 1)) C 
Ad(Sp(n)). 

Proposition 3.4. The vector space m± ~ C n_1 © C n_1 an irreducible representation of 
the group ii* on which the linear map ad(e) 2 is a multiple of the identity: 

ad(e) 2 (a ± ,b ± ) = -^(a ± ,b ± ) (3.38) 

where 

p = 8(ra-l). (3.39) 
ii 



3.2. The vector space sp(n + l)/sp(l) © Sp(n). The symplectic Lie algebra sp(n + 1) 
consists of all matrices g in gl(2(n + 1), C) satisfying 



;J + Jg . = , g > = -g, 



(3.40) 



There is an involutive automorphism of gl(2(n + 1), C) given by 



<x(g) = SgS, S=(y °J, /„, 1= (J _°J (3.41) 

preserving sp(n + 1) C gl(2(n + 1), C). The matrices in sp(n + 1) that are invariant under 
a span the compact symplectic Lie algebra sp(l) © sp{n). This leads to the orthogonal 
decomposition of g = sp(n + 1) as a symmetric Lie algebra given by the eigenspaces of o~, 

f) :=sp(l)©sp(n) Cg, a(t)) = [) (3.42) 

and 

m := sp(n + l)/sp(l) ffisp(n) C g, cr(m) = -m. (3.43) 

Lemma 3.5. 

1. The matrix representation of the Lie algebra g = sp(n + 1) is given by 

A B^ 
-B A 



G sp(n + 1), A t = -A, B t = B, (3.44) 



where A,Be gl(n + 1,C). The matrix representations of the vector space m = sp(n + 
l)/sp(l) Q)8p(n) and the Lie subalgebra f) = sp(l) ®sp{n) in g[(2(n + 1),C) are respectively 
given by 

(a, b) := ^ em, A" = —A, B» = B (3.45) 

((c,d),(C,D)):= £j Gf)) C t = _c 7 D * = Df (3>46) 



in which 



A = I -a' o) ' * = (b. o) <^> 

c=i^ °y B =rs °) (3.48) 



o cy ' v° D , 

w/iere a, b G C n , c G iR, d G C, C G u(n,C), D G s(n,C). 

T/ie Lze bracket relations (12. 2p /iai>e t/ie matrix representation 

[(ai, bi), (a 2 , b 2 )] = ((a 2 a$ - a^ + b 2 b t 1 - b^, aib* + b 2 a* - b^* - a 2 b*), 

(a 2 a! - a^a 2 + b^bi - b t 1 b 2 , -b^ai - a t 1 b 2 + b*a 2 + a^bi)) G f), (3.49a) 

[(a 1; bi), ((ci, di), (Ci, Di))] = (aiCi - Ciai - b^ + dibi, 

axDi - diai + b 1 C 1 - cibi) G m, (3.49b) 

[((ci, di), (Ci, Di)), ((c 2 , d 2 ), (C 2 , D 2 ))] = ((-did 2 + d 2 d 1; Cl d 2 - d 2 c a + d ± c 2 - c 2 di), 
(CiC 2 - C 2 d - DxD 2 + D 2 D 1; CiD 2 - D 2 C! + DxC 2 - C 2 Di)) G h. (3.49c) 
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3. The restriction of the Cartan- Killing form on q = sp(ra+l) to m = sp(n+l)/sp(l)©sp(n) 
yields a negative-definite inner product 

((a x ,bi), (a 2 ,b 2 )) = -4(n + 2)(a 1 a t 2 + a 2 3$ + bib* + h 2 h\). (3.50) 

3. The (real) dimension of m = sp(n + l)/sp(l) ©sp(n) is An and its rank is 1. 

The one- dimensional subspace a C m = sp(n + l)/sp(l) © sp(n) spanned by the matrix 

(ei,0) := G m, ^ = ^ ^ , 6l = (1,0, 0) (3.51) 

is a Cartan subspace. The element 

e := 

v 7 * 




e:=— (ei,0)ea (3.52) 



in this subspace has unit norm, where 

-l = (e,e) = -8(n + 2)/ X (3.53) 

determines 

X = 8(n + 2). (3.54) 

The corresponding linear operator ad(e) induces a direct sum decomposition of the vector 
spaces m = sp(n + l)/sp(l) ©sp(n) and f) = Sp(n) into centralizer spaces my and fjy and 
their orthogonal complements (perp spaces) mi and f)x with respect to the Cartan-Killing 
form. From the Lie bracket relation f)2.16p . is mapped into mi, and vice versa, under 
ad(e). Hence ad(e) 2 defines a linear mapping of each subspace t)± and m± into itself. 

Lemma 3.6. 

1. The matrix representations o/ttln and m± in m = sp(n + l)/sp(l) ©sp(ra) are given by 

jg^ l]J em ll' (( a ±> b ±)>( a ±> b ±)) : = ^) Gm± ' ( 3 ' 55 ) 

in which 

An = 






(0 







)■ B,= 1 












Vo 









A, = I ai I , B\ 

-55 

w/iere ay G R, a ± G iR, b± G C, b ± , a ± G C™" 1 . 

T/ie matrix representations of t)u and t)± in f) = sp(l) ©sp(n) are owen fry 

^ D A c fc„ ((„. AA (~. A.\\—( C A V± 



((c||,d||),(C||,D||)):= [_JL cj e ^ ((c±,d ± ) ) (cj.,dx)):= ^ ) G f)_ 



(3.56) 
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in which 

Cii = I cm I , Dii = I d|, I , C|, = -Cm, Djj =D,i 






fd|| 





: 


















D I. / 




C\ = -c, c, , D 



where Cy G u(n - 1), Dy G s(n - 1,C) ; c_L,d_L G C n-1 ; cy , c_l G iR, d\\,d± G C. 
5. dim my = 1, dimm_L = dim t)± = 2n + 1, dim f)y = 2(n — l) 2 + n + 2. 
^. T/ie linear operator ad(e) acts on mj_ and fry 

ad(e)((a J _,b 1 ),(a 1 ,b L )) = -^((2a ± , 2b ± ), (-a ± , -b ± )) G f) ± , (3.57a) 
ad(e)((c ± , dj.), (c ± , d ± )) = -±=((-2c ± , -2dj_), (c ± , dj) G m ± . (3.57b) 

We use the inner products (I3.18l) -( l3.20l) and outer products (I3.23p - p.25p to write out the 
explicit Lie bracket relations on m = my © m_i_ and f) = fjy © fjj_. 

Proposition 3.7. 

1. The Lie brackets (I2.14p - (12.161) are given by 

[(a 1 ||),(a 1 ||)] = 0Gb||, ( 3 - 58a ) 

[((cm, dm), (Cm, Dm)), (a 2 y)] = G my, (3.58b) 
[((c 1 y,d 1 y),(C 1 y,D 1 y)),((c 2 ||,d 2 ||),(C 2 ||,D 2 ||))] 
= ((d 2 ||diy - di||d 2 y, Ci||d 2 || + d 2 ||Ciy - di||C 2 y - C2||di||), 

([dy, C 2 ||] + D 2 ||Dm - Di||D 2 y, Ci||D 2 y - D 2 yCiy + Di||C 2 || - C 2 yDm)) G f)||, 

(3.58c) 

[((c 1( |, dan), (Cm, Dm)), ((a 2 _L,b 2± ), (a 2 _L,b 2 ±)] 

= ((-di||b 2 _L + b 2 ±di||, Ci||b 2 jL + b 2 _LCiy - diya 2 _L - a^diy), 

(ciya 2 _L - a^Ciy - di||b 2 ± + b 2 ±Di||, ciyb 2i . - b 2 ±Ci|| + diya 2 i - a 2 ±Diy)) G m±, 

(3.59a) 

[(( c i|h d i||)> (Ciy,Dm)), ((c 2 ±,d 2 ±), (c 2 _l, d 2 ±)] 

= ((— di||d 2 JL + d 2 ±di||, Ci||d 2 JL + d 2 ±c 1 y - diyc 2i _ - C 2± diy), 

(ciyc 2 _L - c 2 _lCi|| - di||d 2 _L + d 2 ±Di||, ciyd 2 ± - d 2 ±Ci|| + di||C 2 j_ - c 2 ±Di\\)) G t)±, 

(3.59b) 

[(aiy), ((a 2J _, b 2 _L), (a 2± , b 2J _))] = ((2aiya 2 _L, 2ai||b 2 j_) , (-aiya 2 j_, -ai||b 2J J) G t)±, (3.60a) 
[(aiy), ((c 2J _, d 2J J, (c 2± , d 2 ±))] = ((— 2ai||C 2 _L, -2a 1 [|d 2 ±), (a 1 [|C 2 ±, a 1 [|d 2 ±)) G m_L. (3.60b) 
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2. The remaining Lie brackets (I2.17P are given by 
[((an, bu.), (an, bu)), ((a 2 ±, b 2 ±), (a 2 ±, b 2 ±))]t )n 

= ((-|P(ai_L, a 2± ) - 5-P(b 1± , b 2 ±) - b 1± b 2 ± + b 2 ±b 1± , 

2ai ± b 2± - 2a 2 _Lbi_L + |5(a U) b 2J _) - ^(bn, a 2J _)), 

(-P(aLL, a 2± ) + P(bu_, b 2 ±)\ -S{b 2± , a 1± ) + S(bu, a 2± ))) G f),,, (3.61a) 

[((ai_L, bij_), (ai ± , bu_)), ((a 2 ±, b 2 _L), (a 2 _L, b 2± ))] t)± 

= ((-|P(a 1± ,a 2± ) - §P(b 1± ,b 2± ),±£(a 1± ,b 2± ) - §£(b 1± , a 2± )), 

(ai±a 2± - a 2 _Lai_L - bub 2± + b 2 ±bij_, ai_i_b 2 ± - b^au + bua 2 _L - a 2 ±b l± )) G f)±, 

(3.61b) 

[((ci_l, d 1± ), (en, dij.)), ((c 2 _l, d 2 _L), (c 2± , d 2 ±))]f I|| 

= ((-di±d 21 + d 2± di ± - §P(c 1± , c 2± ) - iP(di_L, d 2± ), 

2ci ± d 2 _L - 2di_LC 2 _L + ^(cii, d 2± ) - ±S(d 1± , c 2± )), 

(-P(cll, c 2± ) + P(di_L, d 2± )\ -S(d 2± , CLL ) + 5(di ± , c 2± ))) G f|||, (3.62a) 

[((cll, di ± ), (c 1± , d 1± )), ((c 2 _l, d 2 _L), (c 2± , d 2 ±))]t, ± 

= ((iP(c 1±> c 2± ) + iP(d 1±> d 2± ), -|5(c 1± , d 2± ) + ±£(d 1± , c 2± )), 

(-Ci±c 21 . + c 2 _lCi_l + di ± d 2 _L - d 2± du, -Cud 2± + d 2± Cu - d 1± c 2± + c 2± du)) G fjj., 

(3.62b) 

[((ai_L, bu), (an, bu)), ((c 2± , d 2± ), (c 2 _l, d 2 _L))] m|| 

= (biidaj. + d 2 _Lbi_L - ~Q{h 1± , d 2± ) - 2ai_LC 2 _L - |Q(a 1± , c 2 _l)) G my, (3.63a) 

[((ai_L, bu.), (a 1± , bu.)), ((c 2± , d 2± ), (c 2± , d 2 ±))] m _ L 

= ((-|P(bi±, d 2± ) - §P(a 1± , c 2± ), |5(a 1± , d 2± ) - §S(b 1± , c 2± )), 

(auc 2 i - C2iau - b i± d 2± + d 2± b i± , a i± d 2± - d 2± a i± + bi ± c 2± - c 2± b 1± )) G m±. 

(3.63b) 

3. The Cartan-Killing form on m_i_ is given by 

(((an, bu), (an, bu)), ((a 2J _, b 2 ±), (a 2 ±, b 2 ±))) 

= -4(n + 2) (Q(a 1± , a 2± ) + Q(a 1± , a 2± ) + Q(b 1± , b 2 ±) + Q(b 1± , b 2± )) . (3.64) 

The adjoint action of the Lie subalgebra t)\\ C f) = sp(l) © Sp(n) on g = sp(n + 1) 
generates the linear transformation group H» C if* = Ad(H) that preserves the element e 
in the Cartan subspace a C m = sp(n + l)/sp(l) ®sp(n). This group HZ can be identified 
with the adjoint action of a symplectic group Sp(l) x Spin — 1) C Sp(l) x Spin) whose 
matrix representation is given by 



(Sd §) e Svil) x " 1} " H l ' C = ^ 












(d 









c 










d 


i 



















(3.65) 
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where 

C'C + D'D = 1^, C'D -D'C = 0, (3.66) 
cc + dd=l. (3.67) 
In particular, the subgroup Sp(n — 1) C H^ acts on mi by right multiplication, 

Ad(C, D)((a ± , b ± ), (a ± , b ± )) = ((a ± , b ± ), (a ± C* - b^*, aj.D* + b^C 1 )) G m±, (3.68) 

where (C, D) G S"p(n — 1) is defined to be the matrix (13.651) with c = 1 and d = 0, while 
the subgroup Sp(l) C HZ has a non-standard action on given by 

Ad(c,d)((a_ L ,b_ L ),(a_ L ,b_ L )) = 

((caj_c — db±c — cb±d + da±d, ca±d — db±d + cb±c — da,±c), (ca_|_ — db±, cb± + dei±)) G mj_, 

where (c, d) G Sp{l) is defined to be the matrix (13.65!) with C = l n -\ and D = 0. Compo- 
sition of these subgroups (I3.68j) and (13.69P yields the group H* = Ad(Sp(l) x Spin — 1)) C 
Ad(Sp(l) x Sp{n)). 

Proposition 3.8. The vector space ra± ~ iJR©C©C n_1 ©C n-1 zs a reducible representation 
of the group H* such that the linear map ad(e) 2 is given by 

ad(e) 2 ((a ± , b ± ), (a ± , b ± )) = -((-4a ± , -4b ± ), (-a ± , -b ± )). (3.69) 

X 

The irreducible subspaces in this representation consist of ((a_i_, bj_), (0, 0)) ~ iR © C and 
((0, 0), (aj_, bj_)) ~ C n_1 © C"^ 1 on which ad(e) 2 is a multiple of the identity with respective 
eigenvalues — 4/x and — 1/x- 

4. Bi-Hamiltonian soliton equations in SU(2n)/Sp(n) 

Let j(t,x) be any non-stretching curve flow in M = SU(2n)/Sp(n). Employing the 
notation and preliminaries in Sec. [2] and Sec. 13. 1[ we introduce a 5p(n)-parallel framing 
along 7 as expressed in terms of the variables 

e x = -^(-i/ n _L,0) Gu(n-l)©so(n-l,C) ~m h x = 8(n - l)n 2 , (4.1) 
V X 

oo x = (u 1; u 2 ) G C 1 " 1 © C"- 1 ~ fj ± , (4.2) 

and 

h\\ = (Hi||,H 2 ||) G u(n - 1) ®so(n - 1,C) ~ m h (4.3) 

/i± = (hi±, h 2± ) G C™- 1 © C™^ 1 ~ m ± , (4.4) 

roll = ((w 1 ll,w 2|l ),(W 1 ll,W 2 ")) GSp(l)©Sp(n-l) ~ f),,, (4.5) 

ro x = (w lx , w 2± ) G C"- 1 © C"- 1 ~ t)±, (4.6) 

using the matrix identifications (I3.15p — (I3.16p . where w 1 " G iM is an imaginary (complex) 
scalar variable, w 2 " G C is a complex scalar variable, Ui, u 2 , w 1J -, w 2± , hij_, h 2 j_ G C" _1 
are complex vector variables, W 1 ", Hiy G u(n — 1) are ant i- Hermit ian matrix variables, 
W 2 " G s(n — 1,C) is a complex symmetric matrix variable, and H 2 ii G so(n — 1,C) is a 
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complex anti-symmetric matrix variable. For later use, through property ( I3.17P we also 
introduce the variable 

h 1 - = (h lx , h 2± ) = ad(e x )h ± = -^(ihix, ih 2± ) G C 71 " 1 © C^ 1 ~ fj ± , p = 8(n - 1), (4.7) 

where h 1_L , h 2± G C™ -1 are complex vector variables. 

Up to the rigid (x-independent) action of the equivalence group Hu = Ad(Sp(l) x Spin — 
1)) C Ad(Sp(n)), a 5'p(n)-parallel linear coframe e along 7 is then determined by the vari- 
ables (14. ip and (14. 2p via the transport equation 

V^e = -ad(w a: )e (4.8) 

together with the soldering relation 

e\j x = e x . (4.9) 

The resulting coframe e defines an isomorphism between T 7 M and m ~ u(n — 1) © so(n — 
1, C) © C n_1 © C n_1 , which yields a correspondence between the set of frames for T 7 M and 
the set of basis vectors for m, as follows. Let ey and e± be the respective projections of e 
into rri|| and given in terms of the matrix identifications (13.15p - (l3.16p by 

e || = (A || (-),B || (.)) (4.10) 

c± = (a4.),bj.(.)) (4.11) 

where Ay(-) and By(-) are linear maps from T X M into u(n — 1) and so(n — 1, C) respectively, 
and where both aj_(-) and bj_(-) are linear maps from T X M into C n_1 . Let (T 7 M)y and 
(T 7 M)^ be the orthogonal subspaces of T 7 M respectively defined by the kernels of ey and 
ej_, so thus 

e,|J(T 7 M) ± = e ± J(T 7 M)|| = 

and hence 

ej (T 7 M)|| = e|,jT 7 M = my ~ u(n - 1) © so(n - 1, C), (4.12) 
ej (T 7 M) ± = e ± jT 7 M = m ± ~ C^ 1 © C"" 1 . (4.13) 
Note that, in this notation, 

e\\\^ x = e x , e ± j7 a: = 0, (4.14) 
e||j7 t = /i||, e ± j7t = /i_L. (4.15) 

Now if {MfjJ}, i = l,...,(n- l) 2 , is a matrix basis for u(n — 1) viewed clS cl real vector 

space, and {M^}, j — 1, . . . , (n — l)(n — 2), is a matrix basis for so(n — 1, C) viewed as a 

real vector space, then ey determines a corresponding basis X^}, i = 1, . . . , (n — l) 2 

and j = 1, . . . , (n — l)(n — 2), for the vector space (T 7 M)ii given by 

(A n (X«),B B (X|jJ)) = (M« 0), (A||(xg),By(xg)) = (0,Mg>). 

Similarly if {m^}, = 1, . . . , 2(n — 1), is a basis for C n_1 viewed as a real vector space, 

then e± determines a corresponding basis {X±£, X^,}, k, k' — 1, . . . , 2(n — 1), for the vector 
space (T 7 M)^ given by 

(a ± pr<3), b ± (X«)) = (mffi, 0), (a ± (Xjg), b ± (xfi?)) = (0, m?g). 
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In addition, if each basis {M^}, {Mjj^,}, { m _Lc) * s normalized such that 

(M» M[f) = -6 W , <Mg> , MgJ) = <m?> , m?g) = -<W, 

then the basis for T 7 M = (T 7 M)|| © (T 7 M)j_ has the corresponding normalization 

9 ( X \\u ' X \\ u } ) = <W ' (^||sl ' ^ll^ ) = ' # (^ic > ^JjC ) = ( ^JjC' ) ^lc' ) = $kk> ■ 

Consequently, the resulting orthonormal frame 

{*£U|fr*&*ffi} (4.16) 
can be shown to satisfy the Frenet equations 

k k' 

v ^ A l|ao - ^o.C A _LC + 2^ U *o,C A -LC 
i. i./ 

(4.17) 



V x A_l C - - y U u>c A|| U - 7 y L/ S0)C A|| 8( 
Y7 y(fc') _ \^ rr(i,fe') y(i) \^ rr(i,fc') y 



obtained from the transport equation ( 14. 81) combined with the Lie brackets ( I3.30bl) and 
f)3.31cp . where 

= ([(Mj2 J 0),(u 1) u a )],(m«,0)> = 8ng((trM|2)u 1 + u^ 
Ka ] = ([( M ||u> 0), (ui, u 2 )], (0, mSg)> = 8nQ((trMg)u 2 - u^, m£?) 
^S? = ([(0, M[£), (u 1; u 2 )], (m| 0)) = 8nQ(u 2 M[,i mffi) 
E>S# = ([(0, M[f o ), (u 1; u 2 )], (0, mffi)) = SnQCuxMjg , m£?) 

denote the Cartan matrix components of the underlying S , p(n)-parallel linear connection 
(14. 2 p projected into the tangent space of the curve. 

The geometrical meaning of this linear connection is seen through looking at the frame 
components of the principal normal vector 

N := V X X = (e*, ad^K) (4.19) 

given by 

e\N = -ad(e x )u x = — (iui,iu 2 ) G C"" 1 © C"" 1 ~ m±, p = 8(n - 1) (4.20) 

again using the relation (I3.17p . These components (iu!,iu 2 ) are invariantly defined by the 
curve 7 up to the rigid (x-independent) action of the equivalence group HZ = Ad(Sp(l) x 
Sp(n — 1)) C Ad(Sp(n)) that preserves the framing at each point x. Hence, in geomet- 
rical terms, the complex vector pair (iui,iu 2 ) describes a covariant of the curve 7 rela- 
tive to the group H*. Moreover, ^-derivatives of the pair (iui,iu 2 ) describe differential 
covariants of 7 relative to H*, which arise geometrically from the frame components of x- 
derivatives of the principal normal vector N. We thus note that the geometric invariants 

18 



of 7 as defined by Riemannian inner products of the tangent vector X = 7 X and its deriva- 
tives iV = V x 7a;, V X N = V^7 X , etc. along the curve 7 can be expressed as scalars formed 
from Cartan-Killing inner products of the covariant (iui,hi2) and differential covariants 
(iui z ,iu 2x ), (iui zx ,iu 2xx ), etc.; for example 

9n 

g(N,N) = -g(X,V 2 x X) = -(| Ul | 2 + |u 2 | 2 ) 

n — 1 

yields the square of the classical curvature invariant of the curve 7. In particular, the set 
of invariants given by {g(X, V X X)}, I = 1, . . . , 2n 2 — n — 2(= dimm — 1), generates the 
components of the connection matrix of a classical Frenet frame [20] determined by j x . 

4.1. Hamiltonian operators and flows. The Cartan structure equations ( I2.10p and (12. lip 

for the S , p(n)-parallel framing of 7 expressed in terms of the variables (j4.ip - (!4.6p are respec- 
tively given by 



— i w x± = D x h 1± + (trHiu)ui + U1H111 + u 2 H 2 || 

y/P 

— i w 2± = D x h 2 ± + (trHi|i)u 2 - u 2 Hn| + mHaii 
y/P " 

D x H n = P(m, hi ± ) - P(u 2 ,h 2± ), 



and 



D x H 2 |i = Q(u 2 , h 1± ) + Q(u 1; h 2± ) 



2 1| ]_ 

Un = D x w 1J ~ — w^'xii + w 2 "u 2 + U1W 1 " — u 2 W H hi^, 

VP 

u 2t = D x w 21 ~ — w 1 "u 2 — w 2 "u! + ^W 1 " + u x W 2 " H h 2 ^, 

D x w^ =P(u 1 ,w 1± ) + P(u 2 ,w 2± ), 

.211 of.. „2±\ 1 of.. _.1J- 



(4.2i; 



(4.22) 



(4.23) 



ZW = -3{u u w z± ) + S{u 2 , w iX ) 
D X W^ = P( Ul , w lx ) - P(u 2 ,w 2 ^ 



(4.24) 



P^W 2 " = 5(u 1? w 2 ^) - S(u 2 , w 1 ^). 

As stated by Theorem 12.11 these equations (I4.2ip -( 14~TI) directly encode a pair of compatible 
Hamiltonian operators. To display the operators explicitly, we first define the following 
operator notations in terms of the inner products fl3.18p - fl3.20l) and outer products (13. 23ft - 
fl3T25|) . For x G C, x, y G C"" 1 , X G fll(n - 1, C), let 

P x y :=P(x,y) G iR, 

Q x y:=Q(x,y)GR, (4.25) 
S x y := 5*(x,y) G C, 

and 

P y x := xy G C"" 1 , (4.27) 
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P(x,y) G u(n-l), 

Q(x,y) GSo(n-l,C), (4.26) 
S(x,y) Gs(n-l,C), 



L y X := yX G C 



(4.28) 



CX := X G C 



n-l 



(4.29) 



Next we eliminate H]n, H 2 || through the torsion equation f !4.22p . and also eliminate w 1 ", w 2 ", 
W 1 ", W 2 H through the curvature equation f!4.24p . We also replace hu_, h 2 ± respectively in 
terms of h 1 ^, h 2± , which leads to the following main result. 

Theorem 4.1. The flow equations given by fl4.2ip - fl4.7p for the pair of complex vector vari- 
ables Ui(t,x),u 2 (t,x) G C n_1 have the operator form 



Ui 

u 2 



where 



H 



U 



( D x R Ul D x P Ul + R U2 D X S U2 R U1 D X P U2 R U2 D X S Ul \ 



+ 



.2_L I ) 



W 

w 



2± 



'ul_L 



(4.30) 



-l 



+ L U1 D X L P U1 +L U2 D-'S 



U 2 



L U1 D X CP U2 — L U2 D X S 



Ul 



d ri— i p p_ n— i c 

\ +L U2 D X 1 CP U1 -L U1 D X 1 CS 



and 



J 



(D x + R Ul D x l Q Ul + L iU2 D x l CQ 
-i- t . n _1 p. 



U2 



1U2 



— L U2 D X 1 P U2 + L Ul D x 1 CS Ul J 
Ru 1 D x Qu 2 + L 1VL2 D X Q 1U1 ^ 

j - / 1Ui - t - / a; L ' 1 1U2 



(4.3i; 



V 



^■Dj; Qui + L 1Ul D x Q 
— t n^V P- 

-^1112 -^z iui 



1U2 



Dx + R\i 2 D x 1 Qu 2 + Li Ul D x 1 CQ iui 
_i_ r . n-i p. 

T J^ 1U 2 J - y 2 ; - 1 1U 2 



(4.32) 



are compatible Hamiltonian cosymplectic and symplectic operators on the x-jet space of 
(ui,u 2 ). 

We now explain some details about this Hamiltonian structure. Let J°° denote the x-jet 
space of the variables (u 1; u 2 ), and let subscripts 1,1' = 1,2 denote the 2x2 components of 
H and J . 

Associated to the operator "H is the Poisson bracket 



(4.33) 



2=1,2 
i'=l,2 



where Sji,S) 2 are real- valued functionals on J°°. The cosymplectic property of % means that 
this bracket is skew-symmetric 



{S)i,S) 2 }n + {f)2ifix}H = 



and obeys the Jacobi identity 



{S)i,{S) 2 ,S^ 3 }h}h+ cyclic = 0. 

20 



(4.34) 
(4.35) 



A dual of the Poisson bracket is the symplectic 2-form associated to the operator J, 

u)(X u X 2 )j := I Q(XiU,,^(X 2 u,0)dx (4.36) 

J i 1 o 



2=1,2 
l'=l,2 



where Xi, X2 are vector fields X = \i 1 - L -d/d\ii+\i 2L -d/d\i 2 defined in terms of vector function 
pairs (h 1_L ,h 2± ) G C n_1 © C n_1 on J°° (with "•" standing for summation with respect to 
vector components). The symplectic property of J corresponds to uj being skew-symmetric 

w(Xi,X 3 )+a;(X 2 ,X 1 ) = (4.37) 

and closed 

pr(X!)u;(X 2 ,X3) + cyclic 

= f Y, ^ h ^' pr ( E h i' ± • d/dM VI )J w {^))dx + cyclic = 0. (4.38) 

J 2=1,2 2"=1,2 
i'=l,2 

Compatibility of the operators % and J7 is the statement that every linear combination 
c{H + c 2 J~ x is a cosymplectic Hamiltonian operator, or equivalently that c{H~ x + c 2 J is a 
symplectic operator, where %~ l and denote formal inverse operators defined on J°° . 
The following result is a consequence of Theorem 12.21 

Corollary 4.2. The operator 1Z = *HJ generates a hierarchy of bi- Hamiltonian flows (I4.30P 
on (ui(£, x), u 2 (t, x)), given by 

and 

'^(^WftY (4 40) 

m terms of the Hamiltonians 



w^y \dn^'/du 2 J \u 2 



with 



H(k) = TT2k tT{iU< $ 1 k = > 1 > 2 >- ( 4 - 41 ) 

tr(iH«) = ^(AKh^ + iKhD), (4.42) 
where the operator 1Z* = J'H is the adjoint oflZ. 

The +fc flow in this hierarchy (14.391) is scaling invariant under (ui,u 2 ) — > A _1 (ui,u 2 ), 
x -> Ax, t -> A 1+2fc t. 

4.2. mKdV flow. After a scaling of t — >• t/p, where p = 8(n — 1), the +1 flow in the 
hierarchy (I4.39P yields an integrable system of coupled vector mKdV equations 

Ulf - p _1 u la . = u lxxx + 3(ui • Ui + u 2 • u 2 )u lx + 3(u 2 • U lx - u 2x ■ ui)u 2 

+ 3(u la: • U! +U 2x -U 2 )Ui 
u 2 ( - p~ l u 2x = u 2xxx + 3(ui • Ui + u 2 • u 2 )u 2x - 3(u 2 ■ u lx - u 2x ■ m)ui 

+ 3(ui x • ui + u 2x ■ u 2 )u 2 

21 



where a dot denotes the standard Euclidean inner product (cf (I3.2ip - fl3.22p ). This system 
is invariant under the symplectic group Sp(l) x Sp(n — 1), defined by the transformations 
f l3.36p -f l3.37p on the vector pair (111,112), and has the following bi-Hamiltonian structure 

in terms of the Hamiltonians 

# (0) = Ul • ui + u 2 • u 2 , (4.45) 
H (1) = -u lx ■ u lx - u 2x ■ u 2x + (ui • ui +u 2 ■ u 2 ) 2 , (4.46) 

where S = 'H.J'H. is a Hamiltonian cosymplectic operator compatible with %. 

We remark that the convective terms u lx , u 2x on the left-hand side in the system (I4.43P 
and ( I4.44p can be removed by the Galilean transformation t — > t, x — > x + p~H. 

4.3. SG flow. The —1 flow connected with the hierarchy ( 14.391) is defined by 



yielding the flow equation 



uA _ 

u 2 J "U 2± 



(4.48) 



with 

.l-L 



(4.49) 



(4.50) 



i^/pD x h 1A - = (trHin)ui + uiHiy + u 2 H 2 ||, 
iy/pD x h 2± = (trHi||)u 2 - u 2 H~i|| + UiH 2 ||, 

and 

D^Hxh = v ^(P(ih 1± , ui) + P(ih 2± , u 2 f) , 
D x U n = y/p{- Q(u 2 , ih^) + Q(ih 2± , Ul)) . 

Note that equations (I4.49p - fl4.50p will determine the variables h 1_L , h 2± , Hjii, H 2 ii as non- 
local functions of u 1; u 2 . Similarly to the method used to derive the SG flow in the case 
SU(n)/SO(n) [11], we will seek inverse local expressions for u x and u 2 arising from an 
algebraic reduction of the form 

Hi,, = ±a(P(h 1J -,ih 1J -) + P(h 2± ,ih 2± ) t ) +/3i/ n _i (4.51) 
H 2 ||= 7 Q(h 2± ,ih 1± ) (4.52) 

for some expressions Qt(h|i), /3(hy), 7(hy) e M, where it is convenient to introduce the variable 

h|| := -itrHi|| (4.53) 

satisfying 

D x h,l = - Vp(Q( Ul , h lx ) + Q(u 2 , h 2± )) . (4.54) 
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To proceed, we substitute expressions (14.511) and (I4.52p into equation (I4.50P and use equa- 
tions (14.491) and (14.541) to eliminate x derivatives. This yields 

7 - a = (4.55) 
D x {3 = (4.56) 

D x a + (a 2 /VP) (<2(ui, hl± ) + 3(u 2 , h2± )) = ( 4 - 57 ) 
§ (g(h 1± , h lx ) + Q(h 2± , h 2± ))a 2 + n/3a + p = (4.58) 

By applying D x to equation (14.581) and using equation (I4.56P together with equation (I4.49p . 
we obtain equation (I4.57p . Therefore, we can just algebraically solve equation (I4.58P to get 



a = 7 = 2(|h^ + |h^P) (4 ' 59) 

where 

|h^| 2 := iQih^X^), |h 2± | 2 := |Q(h 2± ,h 2± ). (4.60) 
To determine /3 we use the conservation law 

= D.dh^l 2 + |h 2± | 2 + l(h 2 + iHml 2 + |H 2 ,|| 2 )) (4.61) 

admitted by the system of equations (14.491) . (I4.50p . (I4.54p . where 

h,l = a(\h 1L \ 2 + |h 2± | 2 ) + (n - l)/3 (4.62) 

and 

|Hn|| 2 := -tr(H 2 ,) =a 2 (|h 1± | 4 + |h 2± | 4 + ^(h^, h^S^, h 2± )) 

+ 2a/3(|h 1± | 2 + |h 2± | 2 ) + (3 2 {n - 1) (4.63) 

|H 2 ,|| 2 := -tr(H 2 ||H 2 ||) = « 2 ( | 2 1 h 2 ^ | 2 - ^(h 11 , h 2± )5(h 1± , h 2± )) 

are obtained from equations (I4.5ip - (l4.62p . Substitution of the expressions (I4.62p and (I4.63P 
into the conservation law (I4.6ip . followed by use of the algebraic equation (14.581) . gives 

| h i±| 2 + | h 2±| 2 + I(h 2 + | Hl ||| 2 + |H 2 ,|| 2 ) = \n(n - l)p 2 /p = n(/3/4) 2 . (4.64) 

Through equations (14.641) and (14.61 j) . we see that a conformal scaling of t can be used to 
make /3 equal to a constant. We will put 

= -2^-p/n (4.65) 

which simplifies the expression (I4.59j) for a and 7, 





l\- 


Ih 1 ^ 


2 


| h 2± 


2 




h^l 


2 + l 


ll 


2 



01 = 7 = VP IUTII2 I IU2II2 • ( 4 - 66 ) 



Local expressions for Ui and u 2 now arise directly from substitution of expressions (I4.5ip . 
(E52D, fl4^2|) into equation fTC49|) to get 



.l-L 



+ -^(^(u 1; h 1X ) + S(u 2 , h 2X ))h lx + ^(5(ui, ti 2± ) - S{u 2 , h 1J -))h 



a 



-2±_ 



Vp 



2VP 



= -^u 2 + ^(5KE U ) + s(u 2 ,E 2± ))h^ - 



(4.67) 

(SK.h^l-SKh 11 ))^). 

(4.68) 



Algebraically combining equations flJjSTj) and (14 . 6 8 [) . we obtain 



u 2 



a: 



VP 



a 



+ — (ah 11 - + bh 
P 



,1-2-U 



where, after using expression (14.661) . we have 



(4.69) 



h 2± • h! x - h lx • h 2± 



(4.70) 



±2a/1 - |h^| 2 - |h 2 ^| 2 ' ±2 a/1 - |h^| 2 - |h 2± | 2 ' 

with a dot denoting the standard Euclidean inner product (cf (I3.21[) ( f3.22[) ) . 

Finally, we express the flow equation (I4.48P entirely in terms of u 1; u 2 , and their t deriva- 
tives. Substitution of h 1_L = Ui t and h 2± = u 2t into equations f!4.66j) (I4.68j) directly yields 
the nonlocal evolution equation 



u 2 



with 



and 



d: 



-1 



/ Vp a it — — \ / \— \\ 

Ui + — ((Ui ■ Ui t + u 2 • u 2t )u u + (Ui • u 2t - u 2 ■ Ui t )u 2 tj 

- — U 2 + -^z((Ui • Uit + u 2 • u 2i )u 2t - (ui • u 2t - u 2 • u lt )uu) 



(4.71) 



a 1 ± a/1 — |ui, 

Vp 



U 2t 



Uit + u 2 < 



£=1 



a 



TV 1 - Uk 



u 2t 



(4.72) 



(4.73) 



This —1 flow equation (14. 71f) is equivalent to a hyperbolic system of coupled vector SG 
equations 



Ulfcr 



U 2 fcr 



1 ± a/1 - |ui f | 2 - |u 2< 
|u u | 2 + |u 2t | 2 



■((Ui • Ui t + u 2 ■ U 2t )Uit + (Ui • u 2t - U 2 • Uit)u 2 t) 



(l =F a/1 - |ui t | 2 - |u 2i | 2 )u! 



U 2t 



(4.74) 



\ui t r + u 2t 



•((Ui ■ Ui t + u 2 • u 2t )u 24 - (ui • u 2t - u 2 • Uit)Ui t ) 



(l =F a/1 - |u lt | 2 - |u 2t | 2 )u 2 
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(4.75) 



which is invariant under the symplectic group Sp(l) x Sp(n — 1), defined by the transforma- 
tions fl3.36p - (l3.37l) on the vector pair (ui,u 2 ). 

Alternatively, from the flow equation (I4.48P combined with the relations (I4.69p -( 14.70p . the 
variables h 1J - and h 2± are found to obey coupled vector SG equations 

(--^h- + ^(ah- + & h 2± )) t = h- 

Vp p 

with 

a 

VP 

A Hamiltonian structure for the system (14.741) is given by 
in terms of 



i± vi- 


Ih 1 ^ 


12 _ 


h 2J - 2 




h^l 


2 + l 


h 2±| 


2 



(4.76) 



H { - 1] = ±gy/l - (h^l 2 - |h 2± | 2 (4.78) 

where h 1_L and h 2± are implicitly determined as nonlocal functions of the variables (111,112) 
(and their x-derivatives) through expressions (I4.69p . (14. 70 p . (14.761) . 

4.4. Geometric curve flows. From Theorem 12.31 the flows in the hierarchy (14.391) and 
(I4.47P for (ui(t, x), U2(t, a;)) G C n_1 © C n_1 correspond to S'f/(2n)-invariant non-stretching 
geometric curve flows for 7(^,0;) € M = SU(2n)/ Sp(n). The resulting equations of motion 
can be expressed covariantly in terms of X = j x , N = V x j x , and V^-derivatives of N, in 
addition to the Riemannian metric and curvature tensors on M. 

The SG flow (I4.74p is given by w 1 ^ = w 2± = 0, which implies w 1 " = w 2 " = and 
W 1 " = W 2 " = as a consequence of the structure equation (14.241) . This determines 

ur 1 = W W = 0. (4.79) 

Hence the corresponding flow vector j t = Yj-i) satisfies 

ej V x j t = D x e t + [u x , e t ] = [u t , e x ) = -&d(e x )m ± = (4.80) 

yielding the S*?7(2n)-invariant curve flow equation 

= Va x , | 7a! | = 1, (4.81) 

which is called the non-stretching wave map on M = SU(2n) / Sp(n). In addition to satisfying 
the non-stretching property V^^l = 0, this equation (I4.8ip possesses the conservation law 
V x |7t| = 0, corresponding to equation (I4.6ip . Thus, up to a conformal scaling of t, the wave 
map equation describes a flow with unit speed, \j t \ = 1. 

The mKdV flow (14 .43 p . after t has been rescaled, is given by hu_ = — i^/pui^ and ri2_i_ = 
— i v /pu 2a; , from which = — iy / p(u*u 1 + U2U 2 ) and H 2 || = ~~ ^\^p{^\ u 2 — u 2^i) are obtained 
by the structure equation ( 14.22ft . This determines 

(e t )± = ->/p( iu i*> iu 2*) G m -L' ( 4 - 82 ) 



e t )|| = ^(iP(iui, m) - |P(iu 2 , u 2 ), Q(iu 2 , Ul )) e my. (4.83) 
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Then et = e\ jt can be expressed as follows in terms of 

eJiV= [u) x ,e x ] = — — (iua,iu 2 ) G m x , (4.84) 
VP 

(e\V x N) ± = (e\N) x = __(iu 1<B ,iu 2a( ) G m ± , (4.85) 

y P 



{e\V x N)\\ = [u x , e\N] = — (P(iui, u x ) - P(iu 2 , u 2 ), 2Q(iu 2 , Ui)) G my. (4.86) 

Consider 

ad(ejiy) ea; = --(u l5 u 2 ) G f) ± (4.87) 

which leads to 



ad(ej N) 2 e x = -3 (P(iu 1; m) - P(iu 2 , u 2 ), 2Q(iu 2 , m)) G my (4.88) 

VP 

by means of the Lie brackets f)3.30al) and fl3.31c[) . Comparing equations fl4.82p - fl4.83p with 
equations (05j) - (05j) and f l4~88|) . we see that 

(e t ) ± -2(e t )|| = pe\V x N, (4.89) 
2(e*)|| = -pa,d{e\Nfe x . (4.90) 

This yields 

e\lt = (et)_L + (et)|| = pej V.iV - ^p 2 eJad(iV) 2 X (4.91) 

where 

ad(iV) 2 = -R(-,N)N (4.92) 
is a linear map on T 7 M. Hence the flow vector j t = Ym satisfies 

It = V 2 7 x - p^ad(V :c 7x) 2 7x, l7x| = 1, (4.93) 

which is a S'f/(2n)-invariant curve flow equation called the non-stretching mKdV map on 
M = SU(2n)/Sp(n). The simple form of the nonlinearities in this equation is due to the 
algebraic property that ad^) 2 is a multiple of the identity on the vector spaces m_i_ ~ f)j_, 
as explained by the general results in Ref. [8]. 

5. Bi-Hamiltonian soliton equations in Sp(n+ 1)/Sp(i) x Sp(n) 

Let j(t,x) be any non-stretching curve flow in M = Sp(n + 1)/Sp(l) x Sp(n). Employing 
the notation and preliminaries in Sec. [2] and Sec. 13. 2^ we introduce a Sp(n) x 5'p(l)-parallel 
framing along 7 as expressed in terms of the variables 

e s = 4=(l)eR^m||, x = 8(n + 2) (5.1) 

Vx 

oo x = ((u 1; u 2 ), (ui, u 2 )) G iR © C © C"- 1 © C™- 1 ~ (u, (5.2) 
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and 



h\\ = (h||) G R~my, (5.3) 

h± = ((h 1±J h 2± ), (h 1± , h 2± )) g iR © C © C"- 1 © C"- 1 ~ m±, (5.4) 

^11 = ((w^w^^W^W 2 !!)) Gsp(l) ©sp(n- 1) ~ fj||, (5.5) 

ro x = ((w ix , w 2± ), (w^, w 2± )) G R © C © C"- 1 © C"- 1 ~ f) ± , (5.6) 

using the matrix identifications (|3.55|) - (|3.56p . where hu G R is a real variable, w 1_L , w 1 ", hi± G 
iR are imaginary (complex) scalar variables, w 2± , w 2 ", h 2 j_ G C are complex scalar variables, 
Ui, u 2 , w 1J -, w 2± , hu_, h 2 j_ G C n_1 are complex vector variables, W 1 " G u(n — 1) is an anti- 
Hermitian matrix variable, and W 2 " G s(n — 1, C) is a complex symmetric matrix variable. 
For later use, through properties (I3.57ap - (13.57bj) we also introduce the variable 

h 1 = ((h^y 1 ),^ 11 ^ 21 )) = ad(e x )h ± 

= -^((2h 1± , 2h 2± ), (-h 1± , -h 2± )) G iR © C © C"- 1 © C"- 1 ~ h ± , x = 8(n + 2), 
v X 

(5.7) 

where h 1_L G iR is an imaginary (complex) scalar variable, h 2± G C is a complex scalar 
variable, and h 1 ^,!! 2 ^ G C n_1 are complex vector variables. 

Up to the rigid (x-independent) action of the equivalence group if,? = Ad(Sp(l) x Spin — 
1)) C Ad(Sp(n) x Sp(l)), a Sp(n) x Sp(l)-parallel linear coframe e along 7 is then determined 
by the variables ( 15. 1ft and ( 15. 2ft via the transport equation 

V x e = -ad(u x )e (5.8) 

together with the soldering relation 

e\l x = e x . (5.9) 

The resulting coframe e defines an isomorphism between T 7 M and m ~ R©iR©C©C n ~ 1 © 
C n_1 , which yields the following correspondence between the set of frames for T 7 M and the 
set of bases for m. Let ey and e± be the respective projections of e into my and m_i_ given in 
terms of the matrix identifications ( I3.55p - (I3.56I) by 

ey = (ay(-)) (5.10) 
c± = ((a J .(.),b J .(.)),(a J .(.),bj.(.))) (5.11) 

where ay(-), a_i_(-), bj_(-) are linear maps from T X M into R, iR, C, respectively, and where 
both a_i_(-) and bj_(-) are linear maps from T X M into C" _1 . Let (T 7 M)y and (T 7 M)j_ be the 
orthogonal subspaces of T 7 M respectively defined by the kernels of ey and e±, so thus 

eyj (T 7 M) ± = e±\ (T 7 M)y = (5.12) 

and hence 

ej (T 7 M)y = e,|jT 7 M = my ~ R, (5.13) 

ej (T 7 M) ± = e ± jT 7 M = m ± ~ iR © C © C"" 1 © C n_1 . (5.14) 
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Note that, in this notation, 

e\\\l x = e xi e_Lj7 x = 0, (5.15) 
e\\\^ t = h h e ± j7 t = /i_L. (5.16) 

Now if {nip} is a basis for R, then en determines a corresponding basis {Xp} for (T 7 M)y 
given by 

a ||(^p) = ni|| K . 

Similarly if {nx^} and {mjx, ni'xc} are respectively a basis for iR and C viewed as real 
vector spaces, and if {m^}, k = 1, . . . , 2(n — 1), is a basis for C n_1 viewed as a real vec- 
tor space, then e± determines a corresponding basis {Xx«, X±c, X'±c, xf^, X^,}, k,k' = 
1, . . . , 2(n — 1), for the vector space (T 7 M)^ given by 

((&±(X xm ),b ± (Xxm.)),{a±( X ±m),b ± (X ±m ))) = ((m ±iR , 0), (0, 0)), 
((a±(X ±c ),b ± (X ±c )),(a ± (X ±c ),b ± (X ±c ))) = ((0, m ±c ), (0, 0)), 
((a ± (X / ±c ),b ± (X / ±c )),(a ± (X / ±c ),b ± (X / ±c ))) = ((0, m' ±c ), (0, 0)), 

((a±(X«) I b J .(Xffi)) 1 (a ± (X«),b ± (JfW))) = ((0,0),(mS,0)), 

((aj.(xffi),b ± (X^ ) )) > (a J .(xffi),b x (xffi))) = ((0,0), (O.mjg)). 

In addition, if each basis {mp}, {m iiR }, {m iC , m'xc}, {m^} is normalized such that 
(mp,mp) = (m_L iR , m ±m ) = -1, 
(mxcmxc) = (m'xcm'xc) = -1, (m_L C , m'xc) = 0, 

/™(fe) ^(k'h _ £ 

then the basis for T 7 M = (T 1 M)\\ © (T 7 M)j_ has the corresponding normalization 
g(X±M.,X±gJ = g(X± iR , Xj_ iK ) = 1, 
g(X xc , X ±c ) = g(X' ±c , X'jlc) = 1, ^(Xxc, X'xc) = 0, 

Consequently, from the transport equation (15.81) together with the Lie brackets (13.60bj) . 
(I3.63al) and (13.63bl) . the resulting orthonormal frame 

{Xp, Xj_i K , Xj_c, X'jx, X±c> -^xc'}> (5-17) 
can be shown to satisfy the Frenet equations 

V x Xp = f/R,iRXj_i]R + Um.,cX±c + U'ti,cX' j_c + ^2 U^X^ + ^2 U^,X^ C , 



Va;X_LiK - -C/ R) i R X||M + U m,cX±l + ^2 ^iM.,C' X ±C' 

k k> 

V x X_l C = -Uw,cX\\n + ^2 u cj:X±l + ^ ^c'^xc' 

k k' 

VxX'xc = -U'^cXpt + ^2 U'c^X^l + ^2 U'c,c ,x ±c' 



(5.18a) 



k' 
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where 



j_ \^ T Ak,j) Y (j) , \^ rr(fcJ') yW) 
2-^< -LC ~r 2.^1 C,C yV ±C 

3 j' 

V x X±q, = —U^Xpt - U^l,X ±]R - U^,X ±C - U^ c }x'j_ c 



^R,m = ([((milis), ((ui, u 2 ), (ui, u 2 ))], ((mj.iR, 0), (0, 0))) 

= 8(n + 2)(5(rri|| M ui, m ±m ) 
Um,c = ([((mp), ((ui, u 2 ), ( Ul , u 2 ))], ((0, m ±c ), (0, 0))) 

= 8(n + 2)Q(m|| R u 2 , m_L C ) 
U' R , C = ([((m p ), ((uu, u 2 ), (ui, u 2 ))], ((0, m' ±c ), (0, 0))) 

= 8(n + 2)Q(m|| R u 2 , m'_L C ) 



(5.18b) 



(5.19a) 



tfW = ([((mp)), (( Ul , u 2 ), ( Ul , u 2 ))], ((0, 0), (mffi , 0))) 

= -4(n + 2)Q(m R Ui,mS) 
o£8 = (KHim), ((ui, u 2 ), ( Ul , u 2 ))], ((0, 0), (0, mJ2))> 

= -4(ra + 2)Q(m|| R u 2 , mJc) 
U$g c = ([((m ±iR , 0), (0, 0)), (( Ul , u 2 ), ( Ul , u 2 ))], ((0, 0), (mg, 0))) 

= -4(n + 2)(5(m_Li R Ui, mJJ.) 
flW = ([((m ±iR , 0), (0, 0)), ((ui, u 2 ), (ui, u 2 ))], ((0, 0), (0, mffi))) 

= -4(n + 2)Q(m_L iM U2, m^) 
Ugl = ([((0, m ±c ), (0, 0)), (( Ul , u 2 ), ( Ul , u 2 ))], ((0, 0), (mg., 0))) 

= 4(n + 2)Q(m iC u 2l mg) 
tf'gj, = ([((0, m' ±c ), (0, 0)), ((ui, u 2 ), ( Ul , u 2 ))], ((0, 0), (m^, 0))) 

= 4(n + 2)g(m , ±c u 2 , m^) 
tfgg = ([((0, m ±c ), (0, 0)), (( Ul , u 2 ), ( Ul , u 2 ))], ((0, 0), (0, m?2))) 

= -4(n + 2)g(m ±c Ui,m| L c ) ) 
l/'gg, = ([((0, m' ±c ), (0, 0)), (( Ul , u 2 ), ( Ul , u 2 ))], ((0, 0), (0, m^))) 

= -4(n + 2)Q(m , ±c u 1 ,m? ; 2) 
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U™ = ([((0, 0), (mffi, 0)), (K, u 2 ), ( Ul , u 2 ))], ((0, 0), (mg, 0))) 
= 4(n + 2)Q( Ul mS, m^) = -4(n + 2)Q(u 1 mg : , mg) 

^ = ([((0,0) ) (mg. ) 0)),((ui,u a ),(u 1 ,u a ))],((0 ) 0) J (0 > m22))> 
= 4(n + 2)g(u 2 mS,m5; ) ) 

flg#> = ([((0, 0), (0, m£?)), ((ui, u 2 ), (u x , u 2 ))], ((0, 0), (0, mg))) 

= 4(n + 2)Q(u 1 m^ ) , mg) = -4(n + 2)Q{u 1 m ( fl m^) 



denote the Cartan matrix components of the underlying Sp(n) x 5'p(l)-parallel linear con- 
nection (I5.2p projected into the tangent space of the curve. 
In this frame, the components of the principal normal vector 



N:=V x X=(e*,ad(e x )u x ) (5.20) 

are given by 

e\N = -ad(e x )u x = ((-2ui, -2u 2 ), (u 1} u 2 )) G iR © C © C™" 1 © C"" 1 ~ m ± (5.21) 



through relation ( 13. 57b |) . These components ((— 2ui, — 2u 2 ), (u 1; u 2 )) are invariantly defined 



by the curve 7 up to the rigid (x- independent) action of the equivalence group Hi 
Ad(Sp(l) x Sp(n — 1)) C Ad(Sp(n)) that preserves the framing at each point x. More- 
over, the pair of scalars (ui,u 2 ) and the pair of vectors (ui,u 2 ) belong to separate irre- 
ducible representations of this group. Hence, in geometrical terms, the complex scalar- 
vector pair ((— 2ui, — 2u 2 ), (u 1; u 2 )) describes covariants of the curve 7 relative to the group 
Hi, while x-derivatives of this pair describe differential covariants which arise geometrically 
from the frame components of x-derivatives of the principal normal vector N. We thus 
note that the geometric invariants of 7 as defined by Riemannian inner products of the 
tangent vector X = 7^ and its derivatives N = V X 7 X , V X N = V 2 7 x , etc. along the curve 
7 can be expressed as scalars formed from Cartan-Killing inner products of the covariants 
((— 2ui, — 2u 2 ), (ui, u 2 )) and the differential covariants ((— 2ui x , — 2u 2a; ), (ui x , u 2x )), etc.; for 
example 

g(N,N) = -g(X,V 2 x X) = -(4(| Ul | 2 + |u 2 | 2 ) + | Ul | 2 + |u 2 | 2 ) 

yields the square of the classical curvature invariant of the curve 7. In particular, the set of 
invariants given by {g(X, V X !X)}, I — 1, . . . , An — 1(= dimm — 1) generates the components 
of the connection matrix of a classical Frenet frame [2D] determined by j x . 



5.1. Hamiltonian operators and flows. The Cartan structure equations H2. 101) and ( 12.111) 

for the Sp(n) x 5'p(l)-parallel framing of 7 expressed in terms of the variables (15.1j) - (15.6p 
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are respectively given by 



w i± = y!X( Dxhl± _ ip( U2 ,h 2± ) - ip( Ul ,h 1± ) +2h||Ui), 

w 2± = ^ Dxh2± _ I5(u 2 ,h 1± ) + ^(U!,h 2± ) + 2h||U 2 ), 

w 1J - = -y/x(D x h 1± - hu_Ui + uihi_L + h 2 ±u 2 - u 2 h 2 _L - hyUi). 
w 2± = -y/x(D x h 2 ± - hi±u 2 + u 2 h 1± - h 2 _LUi + Uih 2 - h||U 2 ), 



(5.22) 



and 



Ult 

u 2t 
u 2t 



Dajhy = Q(ui, hu.) - |Q(ui, hi ± ) + Q(u 2 , h 2 ±) - hQ(u 2 , h 2± ) 



i± 



D x w l± + |P(ui, w lx ) + ±P(u 2 , w 2± ) + u 2 w 2 " - u 2 w 211 + h 
A,w 2± - iS(m, w 2± ) + §S(u 2 , w lx ) - 2U2W 1 " + 2 Ul w 2 " + h 2± , 

P^w 11 " — Uiw 1-L + w 1_L Ui + u 2 w 2J ~ — w 2_L u 2 — w^'ui + w 2 "u 2 

7211 



+ U1W 111 - u 2 W " + h 1± , 

2_L 



UiW 2± + w 2_L u 1 



u 2 w x± 



+ U2W 1 " + Ul W 211 +h 2± , 



-DtW 1 " 



W 1± U 2 — W 1 "u 2 — W 2 "u! 



,2±\ 



D x w " = 2u 2 w 



u 2 w 2± + u 2 w 2± + |P(ui, w x± ) + |P(u 2 , w , . 
2 Ul w 2± + i5(u 2 , w l± ) - i5(ui, w 2± ), 



P(u 2 ,w 



ZW 2 " = 5(u 1; w 2 ^) - 5(u 2 , w 



2-U 



1_L\ 



(5.23) 



(5.24) 



(5.25) 



These equations fl5.22p - fl5.25p directly encode a pair of compatible Hamiltonian operators 
as stated by Theorem 12.11 Using the operator notation fl4.25p - fl4.29p . and eliminating hy 
through the torsion equation (I5.23P and w 1 ", w 2 ", W 1 ", W 2 " through the curvature equation 
f )5.25p . as well as replacing hi±, h 2J _, hu_, h 2J _ respectively in terms of h 



- 1± ,h 2± ,h 1± , h 



2± 



we 



obtain the following main result. 



Theorem 5.1. For the imaginary scalar variable Ui G iR, the complex scalar variable u 2 G C, 
and the pair of complex vector variables Ui(t, x), u 2 (t, x) G O 1-1 , the flow equations given by 
f)5.22p - f)5.24l) have the operator form 











/h^\ 




/w^\ 




/h^\ 


u 2 

Ui 


= n 


w 2± 


+ 


h 2± 
h ll 




w 2± 


= \ J 


h 2± 
h l± 


\u 2 J 


t 


V w2 V 




\ h2± ) 








V h2 V 



(5.26) 



where % and J are compatible Hamiltonian cosymplectic and symplectic operators on the 
x-jet space of (ui, u 2 , ui, u 2 ). The 4x4 components of these operators H = (Hij) and 

31 



J = {Jij), with i,j = 1,2,3,4, are given by 

fin = D x — P U2 D X 1 S U2 

H12 = Pu 2 D x 1 S Ul 

14 —-P —-P n _1 

'1-13 2 u i 2 u 2 x u 2 
%14 = 2-^U2 ~t~ 2~R\i 2 D x S UI 

H21 — S Ul D x 1 S U2 

H22 — Dx — S U2 D X 1 P U2 — S Ul D x 1 S m 
7~(-23 = ^S U2 — ^S U2 D X 1 P U1 + 7}S UI D X 1 S U2 
H24 = ~^S Ul — ^S U2 D X 1 P U , 2 — ^S Ul D x 1 S Ul 
T-Lzi = i?m + Ru 2 D x l S\i 2 

H32 = —Ru 2 — P-uiD x 1 P U2 — Ru 2 P > x 

H33 — Dx — L U1 — 7}R Ul D x 1 P Ul + L Ul D x 1 P Ul + \Ra 2 D x 1, S'u2 + L U2 D X 1 CS U2 
^34 = L U2 C — 2-Rui-D x P\i2 + L Ul D x CP U2 — R^ 2 D X S U1 — L U2 D X S U1 
H&i — R\i 2 ~ RuiD x 1( S'u2 
"H 42 = i? ni — R U2 D X 1 P U2 + R Jil D x 1 S U1 

%A3 — —L U2 C — 7}R U2 D X 1 P Ul + L U2 D X 1 CP Ul — ^R^ 1 D X 1 S U2 — L Ul D x 1 S U2 
Hu — Dx — L Ul — jR u , 2 D x 1 P U2 + L U2 D X 1 P U2 + jRuiD x 1 S U1 + L U1 D X 1 CS UI 

and 

Jw — D x + S U1 D X Q U1 
<Ji2 — S Ul D x 1 Q U2 
J13 = Pu! + S Ul D x 1 Q l 
Ju = Pu 2 + S lll D x 1 Q v 
J21 = S U2 D X 1 Q UI 
J22 = D x + ^ Ar 1 Qu 2 
J23 = S U2 + S U2 D X 1 Q Ul 
i^24 — —S Ul + S U , 2 D X 1 Qu 2 
J31 = 2-Rui + ^RuiD~ 1 Q m 
J32 = — 2-Ru 2 + 2-Rui-Da; 1 Qu 2 
J33 = 4£) x + 4L U1 + 2R U1 D X 1 Q U1 
J3A = —^L n2 C + 2R Ul D x Q U2 
J11 = 2R U2 + 2R U2 D X 1 Q L 
JZ42 = 2i?ui + 2Ru 2 D x 1 <5u 

= 4L U2 C + 2R U2 D X 1 Q VLl 
Ju = 4Dx + 4L U1 + 2R U2 D X 1 Q U2 
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(5.27) 



(5.28) 



(5.29) 



(5.30) 



(5.31) 



;ui 

/U2 



(5.32) 



(5.33) 



;ui 

?U 2 



(5.34) 



The properties of these operators are similar to the Hamiltonian structure (j4.33p -( l4.38p . 
Let J°° denote the x-jet space of the variables (ui, U2, Uj, u 2 ). The cosymplectic property of 
% means that it defines an associated Poisson bracket 

{S)x,S) 2 } n := I Q(SSyi/5u l ,nw(5Sj 2 /5u v ))+ ^ Q(<«V*H-2, Uwi&fa/Suv-*)) dx 

J 1 1 O 7 O A 



1=1,2 
l'=l,2 



1=3,4 
l'=3,4 



(5.35) 

which is skew-symmetric and obeys the Jacobi identity, for all real- valued functionals ft on 
J°°. The symplectic property of J means that it defines an associated symplectic 2-form 



w(Xi,X 2 )^ ■= f Q(Xiu,,jMX 2 u,)) + Q(XiU,_ 2 ,^(X 2 u r _ 2 )) dx 

J 1 1 O J OA 



(5.36) 



2=1,2 
l' = l,2 



1=3,4 
l'=3,4 



which is skew-symmetric and closed for all vector fields X = h 1_L • 8/ <9ui + h 2± ■ 8/ <9u 2 + h 1J - • 
d/dui + h 2± ■ 8/8u 2 defined in terms of scalar- vector function pairs (h 1 - 1 ,^- 1 ) e iR © C, 
(h lx , h 2± ) G C"- 1 ©C™" 1 on J°°. Compatibility of the operators U and J means that every 
linear combination c{H + c 2 J~ 1 is a cosymplectic Hamiltonian operator, or equivalently that 
c{R~ x + c 2 J is a symplectic operator, where T-L 1 and J 1 denote formal inverse operators 
defined on J°°. 

As a consequence of Theorem I2.2[ we have the following result. 

Corollary 5.2. The operator 7Z = 1-iJ generates a hierarchy of hi- Hamiltonian flows (I5.26P 
on (ui(i, x), u 2 (t, x), Ui(t, x), u 2 (t, x)) given by 



/ h (*0\ 



7Z 



\U-2xJ 



0,1,2,... 



(5.37) 



and 



w (fc) 



5H^/5u 2 
\5H^/Su 2 J 



1Z* k 



u 2 
\u 2 / 



0,1,2, 



(5.38) 



in terms of the Hamiltonians 



H (k) 



1 + 2A; " 



= 0,1,2, 



with 



h[, fc) = D-^KhJJ) + A(u 2 ,h^) + A(ux.h^) + A(u 2 ,h^)), 
where the operator TZ* = J7-L is the adjoint ofTZ. 

The +k flow in this hierarchy (15. 3 7ft is scaling invariant under (m, u 2 , ui, u 2 ) — > A _1 (ui, u 2 , ui. 
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(5.39) 
(5.40) 



x 



-> Ax, t -> A 1+2 4. 



5.2. mKdV flow. After a scaling of t — > 4t/x, where x = 8( n + 2), the +1 flow in the 
hierarchy (I5.37j) yields an integrable system of coupled scalar- vector mKdV equations 



Ult Ui x — Ui xxx 

X 



3(u lxx • ui - ui ■ u lxx + u 2xx • u 2 - u 2 ■ u 2xx ) + 6u i:r (|ui| 2 + |u 2 | 



+ 3u 2 (u 2 • Ui x - Ui • u 2x ) - 3u 2 (u 2 • u lx - ux • u 2x ) 
u 2t - -u 2x = u 2xxx + 3(u lxx ■ u 2 - u 2xx ■ ui) + 6u 2x .(|u 2 | 2 + |ui| 2 ) 



X 



Ul t Ul; 

X 



+ 6ui(ui a • u 2 - u 2x ■ ui) + 6u 2 (u lx • Ui - Ui ■ U lx + u 2x ■ u 2 - u 2 • u 2x ) 

(5.4i; 



4u lxxx + u lxx Ui - 3u 2xx u 2 + 6(1113 + |ui 



U 2 + U 2 + Ui )U lx 



~ 6u 2x U 2l . + 3(uia. • Ui - Ui ■ Uijj + U 2x • U 2 - U 2 ■ U 2x . + (|u 2 | 2 + |ui| 2 ) 3 

+ 2ui(|ui| 2 + |u 2 | 2 ))ui + 3(u lx • u 2 - Ui • u 2x - 2u 2 (|u 2 | 2 + |u!| 2 ))u 2 



U 2 i - ~U 2x =A\l 2xxx + ?>U 2xx \li + M\ xx \l 2 + 6(uia; + |ui| 
X 



u 2 + U 2 + Ui )u 2: 



+ 6u 2a .ui x . + 3(uia, ■ ui - ui • u lx + u 2x ■ u 2 - u 2 • u 2x + (|u 2 | 2 + |ui| 2 ) x . 

+ 2ui(|ui| 2 + |u 2 | 2 ))u 2 + 3(ui • u 2x - u lx ■ u 2 + 2u 2 (|ui| 2 + |u 2 | 2 ))ui 

(5.42) 

where a dot denotes the standard Euclidean inner product (cf (I3.2ip - fl3.22p ). 

This system is invariant under the symplectic group Sp(l) x Sp(n— 1), defined by the trans- 
formations fl3.68p -f l3.69p on the scalar-vector pair ((ui,u 2 ), (ui,u 2 )), and has the following 
bi-Hamiltonian structure 









u 2 




u 2 


Ul 


Ul 


w 


t 





n 



in terms of the Hamiltonians 

ij(o)=4(|ui| 2 + |u 2 | 2 ) + |ui| 2 + |u 2 | 2 , 



SH^/6u 2 
\6HW/6u 2 J 



£ 



5H^/5u 2 
6HW/6U! 
\6HW/6u 2 J 



H {1) = -(|ui x | 2 + |u 2x | 2 + |ui x | 2 + |u 2x | 2 ) + 2ui(ui x . • ui - Ui • u lx ) 
+ u 2 (u lx ■ u 2 - U 2x • Ui) + u 2 (u lx ■ u 2 - U 2x ■ Ui) 



(5.43) 

(5.44) 
(5.45) 



+ (K| 



l U 2| 



|2\2 



+ (|ui| 2 + |u 2 | 2 ) 2 + 2(|ui| 2 + |u 2 | 2 )(|ui| 



l U 2| 



where £ = 1-iJl-i is a Hamiltonian cosymplectic operator compatible with %. 

We remark that the convective terms Ui x , u 2x .,ui x , u 2x on the left-hand side in the system 
f l5.4ip -f l5.42p and (I5.43P can be removed by the Galilean transformation t — > t, x — > x + x _1 t- 



5.3. SG flow. The recursion operator 1Z = WJ yields a —1 flow defined by 

21 v h 2± 







1± 



V w2 V 



h LL 

V h 2 v 



(5.46) 
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The resulting flow equations ( I5.26|) have the form 

/uA /h LL \ 



with 



i± 



D x h 
ZX.h 2± 



u 2 

Ui 

\u 2 y 



h 2± 
h l± 

V h2 V 

P(u 2 ,h 2± ) 



(5.47) 



- Drh 11 = ih^ux + Uih 1 ^ - ±h 2± u 2 - u 2 h" + -==hnui, 

-i± 1 , O I m O I 



2" ~ x ' 2 
2-L _ lul-U, i „ u 1J - i 1u2±tt i „ u21 



— h||U 2 , 

■2± 1 
-I 



(5.48 



±h iX u 2 + u 2 h + ih 2x ui + uih^ + — h|,u 2 , 



and 



— ^h|| = IQ^,^) + ^(h^m) + ±Q(h 2± ,u 2 ) + |Q(h 2± ,u 2 ). 



(5.49) 



(5.50) 



This system of equations fl5.48p - fl5.50p for the variables h 1 ^, h 2± , h 1± , h 2± , hii possesses 
the conservation law 



DJ-hl + -|h 2± | 2 + |h 2± | 2 + V"T + |h 1X | 2 ) = 0. 

V X " 4 4 



Hence, after a conformal scaling of t, we can put 



1 



A 

which yields the relation 



h | + _| h ^ + |h 2 i 2 + -|h lx | 2 + |h 



.l-L |2 



^ ll = ± Vi-||h 



I |V,1_L 12 _ I 



||h 2 ^| 2 - |h^| 2 - \h 2± \ 2 . 



(5.51) 



(5.52) 



(5.53) 



Substitution of h 1_L = un, h 2± = u 2t , h 1_L = Ui t , h 2± = u 24 into the equations (15.531) and 
fl5.48p -f l5.49p produces a hyperbolic system of coupled scalar-vector SG equations 



u u • Ui - Ui • u u + u 2t • u 2 - u 2 • u 2t =p 4u x W 1 - j(|uit| 2 + |ui 



U 2t 



U2te = u 2i • U! - ui t ■ u 2 =f4u 2 \/1 - i(l u itl 2 + l u i*l 2 ) - l u i* 



U 2t 



(5.54) 



Uite = |(u 2t u 2 - ui t ui) + u 2 u 2t - muit =F \/l - i(l u i*l 2 + l u i*l 2 ) - l u i*l 2 - l u 2tl 2 u i 



u 2te = -|(u u u 2 + U 2t Ui) - UiU 2t - U 2 Ui t =f J 1 - |(|ui t | 2 + |u u | 2 ) - |uii| 2 - |u 2t | 2 u 2 

(5.55) 

with a dot denoting the standard Euclidean inner product (cf fl3.21l) - fl3.22p ). This system 
is invariant under the symplectic group Sp(l) x Sp(n — 1), defined by the transformations 
(I3.68p - p.69p on the scalar-vector pair ((ui,u 2 ), (ui,u 2 )). 
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Alternatively, we can algebraically combine equations (I5.48[) ( ]5.49j) to express ui, U2, Ui, 
U2 entirely in terms of h 1J -, h 2± , h 1± , h 2± , and their x derivatives. Substitution of the 
resulting expressions into the flow equation ( I5.47[) yields coupled scalar-vector SG equations 
for the variables h x± , h 2± , h 1J -, h 2± . 

5.4. Geometric curve flows. From Theorem 12.31 the flows in the hierarchy (I5.37P and 
( ESP for (vL 1 (t,x),u 2 (t,x),u 1 {t,x),u 2 (t,x)) G iEeCeC 1 " 1 ©^" 1 correspond to Sp(n+1)- 
invariant non-stretching geometric curve flows for 7(t,x) G M = Sp(n + 1)/Sp(l) x Sp(n). 
The resulting equations of motion can be expressed covariantly in terms of X = j x , N = 
Vx^x, and V x -derivatives of N, in addition to the Riemannian metric and curvature tensors 
on M. 

The SG flow (I5.54I) - (I5.55I) is given by w 11 - = w 2± = and w 1_L = w 2± = 0, which implies 
w 1 " = w 2 " = and W 1 " = W 2 " = from the structure equation (15.251) . This determines 

w x = W W = o (5.56) 

and consequently the corresponding flow vector ^ t = Y(-i) satisfies 

ej S/xlt = D x e t + [u x , e t ] = [u t , e x ] = -ad^zu 1 = (5.57) 

Hence we obtain the Sp(n + l)-invariant curve flow equation 

= Va x , 17*1 = 1, (5.58) 

which is called the non-stretching wave map on M = Sp(n + 1) / Sp(l) x Sp(n). This equation 
(I5.58P satisfies the non-stretching property Vt|7x| = and possesses the conservation law 
Varl'ytl = 0, corresponding to equation 05. 51 j) . Thus, up to a conformal scaling of t, the wave 
map equation describes a flow with unit speed, |7t| = 1. 

The mKdV flow (I5.4ip - fl5.42p . after t has been rescaled, is given by hu_ = \y/x VL ixi h2_i_ = 
ly/XVzx, hn = -y/xuix, h 2 i_=_- v /x u 2x, which gives hy = |a/x(|ui| 2 + |u 2 | 2 + |ui| 2 + |u 2 | 2 ) 
from the structure equation 05.23|) . This determines 

(e*)_L = Vx{(^ix, |u 2a; ), (-uix, -u 2x )) G mj_, (5.59) 

and 

\fx 

(et)|| = ¥j-(Q(ui, ui) + Q(u 2 , u 2 ) + Q(ui, ui) + Q(u 2 , u 2 )) G my 

X 

= -(Q(ui, ui) + Q(u 2 , u 2 ) + <5(ui, Ui) + Q(u 2 , u 2 ))e a! . 
Then e t = ej7 t can be expressed as follows in terms of 



(5.60) 



eJiV = [u x ,e x ] = —((-2m, -2u 2 ), (u 1; u 2 )) G m ± , (5.61) 
V X 

(e\V x N) ± = (e\N) x + [u x ,e\N} ± 

= — ((-2ui x , -2u 2x ), (u lx + 3uiUi - 3u 2 U2,u 2x + 3uiu 2 + 3u 2 Ui)) G m_L, 
yX 

(5.62) 



(e\VxN) l{ = [ux,e\N] 
1 



— (2Q(ui,ui) + 2Q(u 2 ,u 2 ) + ig(ui,ui) + lQ(u 2 ,u 2 )) G my. (5.63) 
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To proceed, it is useful to introduce the linear map defined for all Z G T 7 M by 

ad(Z) 2 = -R(-,Z)Z. (5.64) 

Now consider 

eJad(X)~ 2 X = ad(e x )" 2 ejX = -&d(e x )- l cu x = y/x{{\^i, §u 2 ), (-Ui, -u 2 )) G m ± . (5.65) 
Hence we have 

eJ(ad(ad(X)~ 2 X) 2 X) ± = (ad(ad(e x )~ 1 u x ) 2 e x )± = [u x , ad(e x )~ 1 u x }± 

3 /y 

= ^— ((0, 0), (uiui - u 2 u 2 , uiu 2 + u 2 ui)) G m_L (5.66) 

and 

e\(a,d(ad(e x )~ 1 u x ) 2 e x )\\ = (ad(eJad(X)" 2 A^) 2 e :c )|| = [u x , ad(e :c )" 1 a; x ]|| 

= — — (Q(ui, ui) + Q(u 2 , u 2 ) + Q(m, ui) + Q(u 2 , u 2 )) G my (5.67) 

by means of the Lie brackets (I3.63al) and ( I3.63bl) . In addition, we have 

g(N,zd(X)- 2 N) = s(X,ad(ad(X)- 2 X) 2 X) = -(e x , [u x , adfe) -1 "*]) 

= — ^(<2( u i> u i) + Q( u 2, u 2 ) + Q(ux, ui) + Q(u 2 , u 2 )) (5.68) 

since the inner product is ad- invariant. 

Comparing equations fl5.59p - fl5.60p with equations fl5.62p - fl5.63p and fl5.66p -f l5.68p . we see 
that 

(e t )± + 4(et)|| = e\ad(X)~ 2 V x N - 2eJad(ad(X)~ 2 X) 2 X, (5.69) 
2(et)|| = -#(X,ad(X)- 2 X)ejX. (5.70) 

This yields 

ej 7i = (e t )± + (et)|| = e}ad(X)~ 2 V x N - 2eJad(ad(X)" 2 X) 2 X + ^g(N, ad(X)~ 2 X)ejX 

(5.71) 

Hence the flow vector 7t = Ym satisfies 

3 

jt = ad(7 x )" 2 V 2 7 a; -2ad(ad(7 ;c )~ 2 V a; 7 x ) 2 7 a; +-fi'(V :r 7 a; ,ad(7 :i; )" 2 V :E 7 :r )7 :c , |7 X | = 1, (5.72) 

which is a Sp(n + l)-invariant curve flow equation called the non-stretching mKdV map on 
M = Sp(n + 1)/Sp(l) x Sp(n). The nonlinearities in this equation are more complicated 
than in the mKdV map (I4.93P on M = SU(2n)/Sp(n) because of the algebraic property 
that here the vector spaces ~ f)j_ each split into two orthogonal eigenspaces under the 
linear map a.d(e x ) 2 . 
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6. Concluding Remarks 



The Riemannian symmetric spaces M = SU(2n)/ Sp(n), Sp(n + 1)/ Sp(l) x Sp(n) describe 
curved generalizations of Euclidean geometries in which the Euclidean isometry group is 
replaced by the Lie group G = SU(2n), Spin + 1) and the Euclidean frame rotation gauge 
group is replaced by a symplectic subgroup H = Sp(n), Sp(l) x Sp(n) in G. For arclength- 
parameterized curves in these geometries, the components of the Cartan connection in a 
suitably defined parallel frame [8j along the curve represent differential covariants of the 
curve, which can be related to standard differential invariants by a generalized Hasimoto 
transformation. In both geometries these covariants are determined uniquely from the curve 
up to the action of a rigid equivalence group H\\ = Sp(l) x Spin — 1) in H. In particular, 
when H = Sp(n), the covariants transform as a pair of complex vectors having a total of 
An — A real components, whereas when H = Sp(l) x Sp(n), the covariants transform as an 
imaginary scalar and a complex scalar, plus a pair of complex vectors, comprising An — 1 
real components in total. 

For curves undergoing geometric flows described by the non-stretching mKdV map equa- 
tion [8] and the non-stretching wave map equation, the covariants of the curve respectively 
satisfy bi-Hamiltonian mKdV and SG equations that exhibit invariance under the symplectic 
group Sp(l) x Sp(n — 1). The simplest cases of these equations occur for the low-dimensional 
Riemannian symmetric spaces M = SU(A)/ Sp(2), Sp(2) / Sp(l) x Sp(l). 

In the case of M = SU(A)/ Sp(2), the covariants reduce to a pair of complex scalars 
Ui,u 2 G C that transform as a representation of the symplectic group Sp(l) x Sp(l). 
The resulting multi-component Sp(l) x 5p(l)-invariant mKdV and SG equations (cf (14.431) 
and (I4.74p ) for this pair of variables are equivalent to well-known 5*0(4)-invariant equa- 
tions u t = xixxx + |u| 2 Ua; and u tx = ±a/1 — |u t | 2 u for the 4-component vector variable 
u = (Rewi, Imui, Re«2, ImM2). This equivalence is a consequence of the local isomorphisms 
S77(4) ~ 50(6) and Sp(2) ~ SO (5) which imply that M = SU{A)/Sp{2) is locally isometric 
to SO{6)/SO{5). 

In the case of M = Sp(2) / Sp(l) x Sp(l), the covariants reduce to an imaginary scalar 
U\ G iK plus a complex scalar u 2 G C, transforming as a representation of the symplectic 
group Sp(l). As a consequence of the local isomorphisms Sp(2) ~ 50(5) and Sp(l) x 
Sp(l) ~ 50(4), which imply M = Sp{2)/Sp{l) x Sp{l) ~ S0{5)/S0{A), the resulting 
multi-component 5p(l)-invariant mKdV and SG equations (cf fl5.4ip - fl5.42p and f)5.54p - 
(I5.55P ) for these variables are equivalent to 50(3)-invariant equations u t = u xxx + |u| 2 u a: 
and u tx = ±yl — |u t | 2 u for the 3-component vector variable u = (Imui, Rev>2, Imu 2 ). This 
is a reduction of the 4-component vector equations in the previous case. 

For all other cases, the multi-component Sp(l) x Sp(n — l)-invariant mKdV and SG 
equations that arise from the geometries M = SU(2n)/ Sp(n) when n > 2 and M = Sp(n + 
1)/Sp(l) x Sp(n) when n > 1 are new and different from each other. 

As will be explained by general results presented elsewhere, no NLS equations arise from 
these geometries M = SU{2n)/Sp{n) and M = Sp{n + 1)/Sp{l) x Spin) since neither 
of them has a hermitian structure. The same statement applies to the geometries M = 
SO{n+ l)/SO(n) and M = SU(n) / SO in) considered in earlier work [HI [21]. Nevertheless, 
symplectically-invariant NLS equations can be derived from the corresponding Lie groups 
G = SU(2n) and G = Sp(n + 1), in analogy with the derivation of unitarily-invariant NLS 
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equations from G = SO{n + 1) and G = SU (n) carried out in Ref. [9] by means of a suitable 
parallel frame formulation for non-stretching geometric curve flows in these Lie groups. 
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